Abstract. Let A be an affine variety inside a complex N dimensional vector space which either has an isolated singularity at the origin or is smooth at the origin. The intersection of A with a very small sphere turns out to be a contact manifold called the link of A. Any contact manifold contactomorphic to the link of A is said to be Milnor fillable by A. If the first Chern class of our link is torsion then we can assign an invariant of our singularity called the minimal discrepancy, which is an important invariant in birational geometry. We define an invariant of the link up to contactomorphism using Conley-Zehnder indices of Reeb orbits and then we relate this invariant with the minimal discrepancy. As a result we show that the standard contact 5 dimensional sphere has a unique Milnor filling up to normalization proving a conjecture by Seidel.
Introduction
Suppose we have an irreducible affine variety A ⊂ C N of complex dimension n which is either smooth at 0 or has an isolated singularity at 0. For any ǫ > 0 small enough we have that L A := A ∩ S ǫ is a differentiable manifold of real dimension 2n − 1 and such a manifold is an invariant of the germ of A at 0. We call L A the link of A. The simplest example is when A is smooth at 0 in which case L A is diffeomorphic to a sphere. Many people have studied the relationship between the algebraic properties of A at 0 and the topology of L A . Such results go back to [Hee] . There have been particularly powerful results when dim C A = 2 but there are far less powerful results in higher dimensions. For instance, lets start with the following defintion inspired by [Hee] [Page 236 (French Translation)]: A singularity is topologically smooth if its link is diffeomorphic to a sphere. Mumford in [Mum61] showed that every normal topologically smooth singularity of complex dimension 2 is in fact smooth. But in complex dimension 3 or higher there are many examples of isolated normal singularities which are topologically smooth but not smooth at 0 such as {x 2 + y 2 + z 2 + w 3 = 0} (see for 1 instance [Kwo13] [Theorem 3.13]. Normality of this singularity follows from Serre's criterion for normality [Eis95] [Theorem 18.15]).
Having said this, one can put additional structure on the link. Let J 0 : T C N → T C N be the standard complex structure on C N viewed as an automorphism of the tangent bundle whose square is −id. Then ξ A := T L A ∩ J 0 (T L A ) ⊂ T L A is a contact structure for ǫ small enough and (L A , ξ A ) is an invariant of the germ of A at 0 up to contactomorphism (see [Var80] ). One can also view ξ A as the kernal of N j=1 x j dy j −y j dx j | L A where z j = x j +iy j are coordinates for C N . A contact manifold (C, ξ) is said to be Milnor fillable if it is contactomorphic to (L A , ξ A ) for some A. An example of a Milnor fillable contact structure is the standard contact sphere (S 2n−1 , ξ std ) which is defined to be the link of C n (I.e. S 2n−1 is the unit sphere in C n and ξ std is the unique hyperplane distribution which is J 0 invariant).
In [Ust99] it was shown, for each m > 0, that there are infinitely many examples of isolated singularities whose links are diffeomorphic to S 4m+1 but not contactomorphic to each other. Hence (L A , ξ A ) is a stronger invariant than L A on its own. Building on the work of [Ust99] , [Kwo13] systematically investigated the links of weighted homogenous hypersurface singularities { j z k j j = 0}. In particular using indices of Reeb orbits, [Kwo13] [Theorem 6.3] (along with its proof) tells us when j k j is greater than 1 or not just from (L A , ξ A ). Such a result is significant because Reid in [Rei79] [Proposition 4 .3] showed that such a singularity is canonical at 0 if and only if j k j is greater than 1 (see [Rei79] [Section 1] for a definition of canonical singularity).
For certain singularities called Q Gorenstein singularities, one can define an invariant taking values in Q called the minimal discrepancy (see [Amb06] ). We write md(A, 0) for the minimal discrepancy of A at 0. All isolated complete intersection singularities of complex dimension 2 or higher are Q Gorenstein, and it turns out that canonical singularities are characterized among Q Gorenstein singularities to be the ones with non-negative minimal discrepancy. Hence there is a direct relationship between the result in [Kwo13] mentioned earlier and minimal discrepancy. Minimal discrepancy can be defined for a larger class of singularities called numerically Q Gorenstein singularities in [BdFFU13] . An isolated singularity is numerically Q Gorenstein if c 1 (ξ A ) is torsion in H 2 (L A , Z) (see Section 2) . Singularities with positive minimal discrepancy are called terminal singularities and have special importance in the minimal model program ( [KM98] ). See [BdFFU13] [Corollary 5.17] for a proof that positive minimal discrepancy is equivalent to being terminal. In fact minimal discrepancy itself has a special importance in the minimal model program ( [Sho88] ). Now let (C, ξ) be a contact manifold of dimension 2n−1 with H 1 (C; Q) = 0 and c 1 (ξ; Q) = 0 ∈ H 2 (C, Q). Let α be a contact form with ker(α) = ξ. To any Reeb orbit γ : R/LZ → C of α, we have an associated index CZ(γ) ∈ Q called the Conley-Zehnder index. This index will be defined in Section 3.1. Let φ t : C → C, t ∈ R be the Reeb flow of α. The differential Dφ t : T C → T C of the Reeb flow preserves ξ and so for p ∈ C let D ′ p φ t : ξ| p → ξ| φt(p) be the restriction of this differential to the contact distribution. The minimal discrepancy md(C, ξ) of (C, ξ) is defined to be:
where the supremum is taken over all 1-forms α with ker(α) = ξ and the infimum is taken over all Reeb orbits γ of α. Note that because the Reeb orbit has length L, our linearized map D ′ γ(0) φ L sends ξ| γ(0) to itself because ξ γ(L) = ξ γ(0) . Our main theorem is: Theorem 1.1. Let A have a normal isolated singularity at 0 or be smooth at 0 with H 1 (L A ; Q) = 0 and c 1 (ξ A ; Q) = 0 then:
• If md(A, 0) ≥ 0 then 2md(A, 0) = md(L A , ξ).
• If md(A, 0) < 0 then md(L A , ξ) < 0.
This Theorem will follow from Theorems 4.11 and 6.1. Our main theorem works for any normal isolated singularity, even if it cannot be smoothed. We have the following corollary, proving a conjecture by Seidel [Sei07] [Lecture 6].
Corollary 1.2. Suppose that A is normal and that (L A , ξ) is contactomorphic to the link of C 3 (I.e. the standard contact sphere (S 5 , ξ std )), then A is smooth at 0.
The above corollary says that the standard contact 5 dimensional sphere has a unique Milnor filling up to normalization. This generalizes the previously stated theorem by Mumford because the three sphere has a unique strongly fillable contact structure (see [Eli90] , [Gro85] ) and because Milnor fillable contact structures are strongly fillable by resolving the singularity (Lemma 4.12). In fact every oriented three manifold admits at most one Milnor fillable contact structure up to orientation preserving diffeomorphism [CNPP06] .
The above corollary is a direct consequence of the following Conjecture by Shokurov proven for complex dimension 3 in [Amb99] , [Mar96] .
Conjecture 1.3. (Shokurov [Sho][Conjecture 2]).
Suppose A is normal and numerically Q Gorenstein with md(A, 0) = n−1 then A is smooth at 0.
Shokurov has the stronger condition that A is Q Gorenstein, but [BdFFU13] [Corollary 5.17] ensures that any numerically Gorenstein singularity with minimal discrepancy > −1 is in fact Q Gorenstein.
As a result we have the following corollary:
Corollary 1.4. Assuming that Conjecture 1.3 is true, A is normal and (L A , ξ) is contactomorphic to the standard contact sphere of any dimension greater than 1 then A is smooth at 0.
In other words, Shokurov's conjecture combined with Theorem 1.1 implies that the standard contact sphere has a unique Milnor filling up to normalization.
We also have the following corollary:
Corollary 1.5. Suppose that A, A ′ are normal affine varieties with isolated singularities at 0 or smooth at 0 and whose links are contactomorphic to each other. If H 1 (L A ; Q) = 0 and c 1 (ξ A , Q) = 0 then A is terminal (resp. canonical) at 0 if and only if A ′ is terminal (resp. canonical) at 0. I.e. the property of being terminal or canonical is an invariant of the link.
We will now wildy speculate on the relationship between the main result of this paper and other results concerning the arc space. The arc space was introduced by Nash in [Nas95] . Let Arc(A) be the space of germs of holomorphic disks mapping to A and Arc(A, 0) ⊂ Arc(A) the subspace of such disks passing through our singularity. Very roughly, [EMY03] [Theorem 2.6] relates the codimension of Arc(A, 0) inside Arc(A) with the minimal discrepancy. Morally, one might imagine as one of these holomorphic disks in Arc(A, 0) approaches the origin, it converges to some Reeb orbit, and that the component of Arc(A, 0) of highest codimension finds the lowest index Reeb orbit. Hence one can ask, what is the relationship between the space of pseudo holomorphic curves on the symplectization of this link (such as those curves encoded by symplectic field theory) and the arc space?
We can also ask other questions. For instance Minimal discrepancy is also defined for non-isolated singularities and more generally for log pairs, and it would be interesting to see if there is some way of characterizing the minimal discrepancy of such objects using contact geometry.
This paper is structured as follows: In Section 2 we give two definitions of numerically Q Gorenstein. One is algebraic and the other is topological. Then we define the minimal discrepancy. In Section 3 we define the Conley-Zehnder index for a Reeb orbit, define minimal discrepancy of a contact manifold and then we relate the Conley-Zehnder indices of degenerate orbits with indices of non-degenerate orbits coming from perturbations of these degenerate orbits. In Section 4 we show that a resolution of A admits a nice symplectic structure and the boundary of a neighborhood of the exceptional divisors is a contact manifold contactomorphic to (L A , ξ A ) and admitting a contact form with nice families of Reeb orbits. As a result we prove the inequality 2md(A, 0) ≤ md(L A , ξ A ). In Section 5 we show how to define genus 0 Gromov Witten invariants for certain open symplectic manifolds (I.e. we count compact curves in some compact subset of such manifolds). We also prove some important technical Lemmas involving these open manifolds. In Section 6 we use results from the previous section to show 2md(A, 0) ≥ md(L A , ξ A ) if md(A, 0) ≥ 0 and md(L A , ξ A ) < 0 if md(A, 0) < 0. This is done by partially compactifying some resolution of A and then using Gromov Witten invariants along with a neck stretching argument to find Reeb orbits of the appropriate index. Appendix A reviews neck stretching and proves a compactness result when the contact structure is degenerate. Appendix B proves a maximum principle for stable Hamiltonian structures which is a key argument enabling us to show that we can define Gromov Witten invariants for some partial compactification of a resolution of A.
Acknowledgements: I would like to thank Chris Wendl, Ivan Smith and Paul Seidel (who enabled me to generalize the result from numerically Gorenstein to numerically Q Gorenstein singularities). The main work for this paper was done while I was at the University of Aberdeen and therefore I would like to thank the people at the mathematics department for providing a great working environment.
Minimal Discrepancy of Isolated Singularities Definition
The main ideas in this section come from [BdFFU13] . Let A be a singularity which is either isolated at 0 or smooth at 0. First of all, we will give two definitions of a numerically Q Gorenstein singularity. One definition will be algebraic involving Q Cartier divisors, and the other will be topological involving the first Chern class of our contact structure ξ A .
We will start with the algebraic definition and then we will give the topological one and prove they are equivalent. Start with some resolution π : A ։ A so that the preimage of 0 is a union of smooth normal crossing divisors E i and so that π is an isomorphism away from these divisors (If A is smooth we blow up at least once, so π is never an isomorphism). Let K A be the canonical bundle of A which we will view as some a Q Cartier divisor. We say that A is numerically Q Gorenstein if there exists a Q Cartier divisor K num A/A := j a j E j with the property that C · (K num A/A − K A ) = 0 for any curve C ⊂ π −1 (0). By the negativity Lemma [KM98] [8.39] one can show that the coefficients a j are unique (see [BdFFU13] [Proposition 5.3]). Here a j ∈ Q is called the discrepancy of E j .
We will now give a topological characterization of being numerically Q Gorenstein for isolated singularities (which we regard as the alternate topological definition). Lemma 2.1. We have that A is numerically Q Gorenstein if and only if c 1 (ξ A ; Q) = 0 ∈ H 2 (L A ; Q).
Proof. of Lemma 2.1. We let A ǫ := π −1 (B 2n ǫ ) where B 2n ǫ ⊂ C n is the closed ǫ ball. For ǫ small enough we have that ∪ i E i ֒→ A ǫ is a homotopy equivalence. We have that
by Lefschetz duality and that H 2n−2 ( A ǫ ) is freely generated by the classes [E i ]. For a class x we write LD(x) for its Lefschetz dual.
Suppose first that A is numerically Q Gorenstein. Then there exists a Q Cartier divisor
and so we get c 1 (ξ A ; Q) = 0 which implies
Because ν 2 (c 1 (T * A ǫ ; Q)) = 0, there there exists some class
The proof of the above lemma gives us a way of computing discrepancies for numerically Q Gorenstein singularities in a topological way. Suppose that A is numerically Q Gorenstein at 0. For simplicity we will assume that H 1 (L A ; Q) = 0. We let A ǫ , L A = π −1 (L A ) be as in the proof of the above lemma. We have a long exact sequence:
Here a i is the discrepancy of E i . Note that we do not really need the condition H 1 (L A ; Q) = 0 here by the negativity lemma [KM98] [8.39 ], but we place it here anyway for simplicity and also because we need such a condition when dealing with the Conley-Zehnder index later. The minimal discrepancy is the infimum over all resolutions π of a j . One can calculate the minimal discrepancy from a single resolution by defining it to be min j (a j ) if min j (a j ) ≥ −1 and −∞ otherwise. This follows from the fact any two resolutions of A at 0 are related by a sequence of blowups and blowdowns along smooth subvarieties and the fact that the discrepancy of the blowup of some smooth variety along some smooth subvariety of complex codimension k is k − 1. In order to calculate the minimal discrepancy of A when A is smooth at 0, you have to blow up at least once, which gives a minimal discrepancy of n − 1 where n = dim C A.
The Conley-Zehnder Index
In this section we will define the Conley-Zehnder index of a Reeb orbit. We will then define what a pseudo Morse Bott family of Reeb orbits is and then prove some result relating the Conley-Zehnder index of degenerate orbits with the index of non-degenerate orbits coming from perturbations of such degenerate orbits.
3.1. Definition of Conley-Zehnder Index. We will first give a definition of the ConleyZehnder index of a path of symplectic matrices in terms of the Maslov index before we define it for Reeb orbits. This will be useful later on. Let L be the set of Lagrangian vector subspaces of a symplectic vector space W ′ . Fix some L ∈ L. To any smooth path Λ : [RS93] ). We will just write Mas(Λ) = Mas W ′ ,L (Λ) when the context is clear.
Let W be a symplectic vector space and Sp(2n) the space of linear symplectomorphisms of W . For any path A : [a, b] → Sp(2n) we can define an index CZ(A(t)) ∈ 1 2 Z as follows: Let W × W be the product symplectic vector space with symplectic form (−ω W , ω W ) where W is equal to W and let ∆ be the diagonal Lagrangian. We define CZ(A) := Mas W ×W,∆ (Γ(A(t)) where Γ(A(t)) is the path of Lagrangians given by the graph of A(t) in W × W viewed as a map A(t) : W → W . This is an invariant of A(t) up to homotopies fixing its endpoints.
We will now define the Conley-Zehnder index for Reeb orbits. Let (C, ξ) be a contact manifold of dimension 2n − 1 and let α be a contact form with ker(α) = ξ. The contact hyperplane distribution ξ on C has a natural symplectic structure given by restricting dα and so if we choose a compatible almost complex structure on this contact hyperplane distribution then it has a natural U (n − 1) structure. Because this bundle is a complex bundle we can take its highest exterior power. Such a bundle is called the anticanonical bundle of C. The dual of such a bundle is called the canonical bundle. From now on we will assume that c 1 (ξ; Q) = 0 ∈ H 2 (C; Q). This means there is some number N c 1 ∈ N so that N c 1 c 1 (ξ) = 0 ∈ H 2 (C; Z). This means that we can trivialize the N c 1 th power of the anticanonical bundle. Let τ : (κ * ) ⊗Nc 1 → C × C be a choice of such a trivialization where κ * is the anticanonical bundle. Let γ : R/LZ → C be a Reeb orbit of α. Let D ′ φ t : ξ → ξ be the restriction of the linearization Dφ t : T C → T C of φ t . Choose a trivialization of γ * ⊕ Nc 1 j=1 ξ as a complex vector bundle so that its highest exterior power coincides with our trivialization τ . Such a choice is unique up to homotopy. Let φ t : C → C be the flow of the Reeb vector field of C. Let D ′ φ t : ξ → ξ be the restriction of the linearization Dφ t : T C → T C of the Reeb flow φ t of α. Then using the above trivialization along γ we have that ⊕ This index only depends on τ up to homotopy. Note that if H 1 (C, Q) = 0 then τ is unique up to homotopy and in fact our indices also do not depend on N c 1 either. Here is the reason why: If we have some other choice of trivialization τ ′ : (κ * )
Conley-Zehnder index is additive under direct sum we then get that CZ τ (γ) = CZ
and similarly CZ τ ′ (γ) = CZ τ ′ ⊗Nc 1 (γ). Now τ
is a bundle morphism between trivial bundles and hence a section of the trivial bundle C × S 1 which is equivalent to a smooth map from C → S 1 . Because the pullback of dϑ via C → S 1 is exact as H 1 (C, R) = 0 we get that such a smooth map is homotopic to the constant map and this means that τ (γ) = CZ τ ′ ⊗Nc 1 (γ). And so CZ τ (γ) = CZ τ ′′ (γ). Summarizing we get that if H 1 (C, Q) = 0 then CZ τ (γ) does not depend on τ or N c 1 . We will write CZ(γ) = CZ τ (γ) in this case or when the context is clear.
3.2.
Pseudo Morse Bott families. We will be looking at families of Reeb orbits of (C, α) that are not necessarily Morse Bott but have very similar properties. Suppose B T is a subset of C satisfying:
(1) There is a Reeb orbit of length T passing through every point of B T and this Reeb orbit is contained in B T . (2) There is a neighborhood N B T containing B T and a constant δ > 0 so that any Reeb orbit with length in [T − δ, T + δ] starting inside N B T starts inside B T .
Then we say B T is an isolated family of Reeb orbits of length T . We will say that N B T is an isolating neighborhood for B T . Note that the union of two isolated famlies of Reeb orbits with the same length T is an isolated family of Reeb orbits of length T . A typical example of an isolated family of length T is a Morse Bott submanifold which is a submanifold B so that every Reeb orbit starting in B is contained in B and so that if φ T : C → C is the time T flow of the Reeb vector field then ker(Dφ T − id) = T B at any point of B. We will be dealing with something more general than this. We are interested in indices of Reeb orbits, and so from now on we will assume that there is some fixed trivialization of the canonical bundle of (C, α). Definition 3.1. A pseudo Morse Bott family is an isolated family of Reeb orbits B T of length T with the additional property that B T is path connected and for each point p ∈ B T we have
is the restriction of the linearization of φ t to ker(α)).
We now need a Lemma enabling us to define an index for B T . Let S k ⊂ Sp(2n) be the set of symplectic matrices A with rank ker(A − id) = k. Let o 1 (t), o 2 (t) be two paths in Sp(2n). We say that o 1 , o 2 are statum homotopic if there is a smooth family of paths ψ s : [0, 1] → Sp(2n) where ψ s (0) ∈ S k 1 , ψ s (1) ∈ S k 2 for all s and some fixed k 1 , k 2 and ψ 0 , ψ 1 are homotopic to o 1 , o 2 respectively relative to their endpoints. Let W ′ be a symplectic vector space and L the set of linear Lagrangians inside W ′ . Let L ∈ L be a fixed Lagrangian. Define L k to be the set of Lagrangians in W ′ whose intersection with our fixed Lagrangian L has dimension k.
Proof. of Lemma 3.3. First of all we can identify our symplectic vector space W ′ with T * L via a linear symplectomorphism so that:
(1) The zero section is identified with L.
(2) By choosing a linear coordinate system x 1 , · · · , x n on L we get associated coordinates
way. We require that the Lagrangian Λ 0 is the graph of a symmetric matrix A with respect to this coordinate system. Another way of seeing this is viewing L as the graph of the differential of the quadratic form associated to A.
We get that A| Z is nondegenerate as a quadratic form. We choose N Λ 0 small enough so that every element of this set can also be expressed as the graph of a symmetric matrix whose restriction to Z is non-degenerate. If Λ(t) is a smooth path in N Λ 0 starting at Λ 0 then this is represented by a smooth family of symmetric matrices A t with A 0 = A whose restriction to Z is nondegenerate. By the localization axiom from [RS93] [Theorem 2.3] we then get that the Maslov index is 1 2 (sign(A 1 ) − sign(A)). Here sign means the sign of the symmetric matrix as a quadratic from. Now sign(A t ) = sign(A t | Z ) + sign(A t | L∩Λ 0 ). Because A t | Z is a smooth family of non-degenerate quadratic forms, they have the same sign. Also sign(A)| L∩Λ 0 = 0. Hence
. As a result we have the following direct corollary: The following lemma tells us that if we perturb a pseudo Morse Bott familiy then all the nearby Reeb orbits have a bound on their Conley-Zehnder indices. Recall that Dφ t is the linearization of the Reeb flow φ t of α. Let ξ := ker(α) be the contact hyperplane distribution. Because Dφ t preserves ξ we will write D ′ φ t : ξ → ξ to be the restriction of Dφ t to the hyperplane distrubition. We choose a trivialization τ of ⊗ Nc 1 j=1 κ * where κ * is the highest exterior power of ξ.
Lemma 3.5. Let γ be any Reeb orbit of α of length T and define K := dim ker(D ′ φ T (γ(0))− id). Fix some metric on C. There are constants δ 1 , δ 2 > 0 and a neighborhood N of γ(0) so that for any contact form α ′ with |α − α ′ | C 2 < δ 1 and any Reeb orbit
Proof. of Lemma 3.5. Choose a sequence of contact forms α i C 2 converging to α, and a sequence of Reeb orbits γ i of length T i converging to T with the property that γ i (0) converges to γ(0). By Gray's stability theorem we can assume that ker(α i ) = ker(α) = ξ. We wish to show that CZ(
be the linearization of the Reeb flow of α i from γ i (0) to γ i (t). Similarly define D ∞ (t) for γ(t). Because these linearizations preserve the contact distribution we will actually view them as symplectic linear maps: 
By 
Neighbourhoods of Symplectic Submanifolds with Contact Boundary
Let (M, ω) be a symplectic manifold with boundary and let S 1 , · · · , S l be real codimension 2 submanifolds that intersect transversally and are disjoint from the boundary of M . For I ⊂ {1, · · · , l} we define S I := ∩ i∈I S i . We say that S 1 , · · · , S l are positively intersecting if:
(1) S I is a symplectic submanifold for each I ⊂ {1, · · · , l}. We will assume for simplicity that M is a compact manifold with boundary homotopic to ∪ i S i . Because the results in this section are local near ∪ i S i this assumption does not really matter. Now suppose θ is a 1-form on M \ ∪ i S i so that dθ = ω. Let θ c be a 1 form on M equal to θ near ∂M but equal to 0 near ∪ i S i . Then ω − dθ c represents an element of H 2 (M, ∂M ; R) (the chain complex for this cohomology group consists of de Rham forms whose restriction to ∂M is 0). Such a class only depends on θ. By Lefschetz duality we have H 2 (M, ∂M ; R) = H 2n−2 (M ; R) and because M is homotopic to ∪ i S i we get that [ω] is Lefschetz dual to − i λ i [S i ] ∈ H 2n−2 (M ; R). The constant λ i is called the wrapping number of θ around S i . It turns out that this definition is identical to the one in [McL12, Section 5.2] modulo rescaling by 2π. We will always assume that λ i > 0 are positive wrapping numbers.
Throughout this section, the following examples should be kept in mind: If A ⊂ C N is an affine variety with an isolated singularity at zero, then we can intersect it with a small closed ball B δ . We resolve A at 0 by blowing up along smooth subvarieties and take the preimage A δ of B δ under this resolution map. Later on (see Lemma 4.12) we will show that such a resolution has a compatible symplectic form and the exceptional divisors will be positively intersecting symplectic submanifolds of A δ and we will also show that there is a 1-form θ as above giving these submanifolds positive wrapping numbers for an appropriate resolution.
4.1. Boundary Construction and Uniqueness. Let (M, ω), S 1 , · · · , S l and θ be as above. Also suppose we have neighborhoods N i of S i and smooth projection maps p i : N i ։ S i whose fibers are diffeomorphic to disks transversally intersecting S i at 0 and admitting some connection rotating these fibers. This means that there is a natural radial coordinate r i : N i ։ [0, δ r ) whose zero set is S i for some small δ r > 0. Let ρ : [0, δ r ) → [0, 1] be a smooth function so that ρ(x) = x 2 near 0 and ρ(x) = 1 near δ r with ρ ′ ≥ 0. We define ρ(r i ) to be ρ • r i inside N i and 1 elsewhere. A smooth function f : M → R is said to be compatible with ∪ i S i if it is equal to i log(ρ(r i )) + τ for some chosen coordinates r i , choice of bump function ρ as above and some smooth function τ : M → R.
The main proposition of this section is:
Proposition 4.1. For any function f compatible with ∪ i S i , there exists a smooth function
We also have a parameterized version of this theorem: Suppose that ω t is a smooth family of symplectic forms parameterized by t in some compact manifold and θ t a smooth family of 1-forms with dθ t = ω t making S 1 , · · · , S l positively intersecting with positive wrapping numbers. Also for any 1-form η we define X t η to be the ω t dual of η. Proposition 4.2. For any smooth family of functions f t compatible with ∪ i S i , there is a smooth family of functions
The proof of this proposition is exactly the same as the proof of Proposition 4.1 except that we now have everything parameterized by t.
We have the following corollary:
Then for all sufficiently negative l we
). This means that we can associate a canonical contact manifold to the deformation class of (M, θ, ∪ i S i ).
Definition 4.4. Such a contact structure will be called the link of (M, θ, ∪ i S i ).
Proof. of Corollary 4.3. It is fairly straightforward to construct a smooth family f t : M \ ∪ i S i → R of functions compatible with ∪ i S i joining f 0 and f 1 . By Proposition 4.2 there is a smooth family of functions g ′ t so that df t (X t θt+dg ′ t ) > 0 near ∪ i S i . Hence by Gray's stability theorem we have for all sufficiently negative l that (f
. Also for all sufficiently negative l, t ∈ [0, 1] and j = 0, 1 we have (f
) are all contact manifolds and so are all contactomorphic if j is fixed. Hence (f
To prove Proposition 4.1 we need the following Lemma:
Lemma 4.5. Let π : U ։ S be a smooth fibration where U is a symplectic manifold whose fibers are all symplectomorphic to a ball of small radius in R 2n and so that the natural symplectic connection has structure group in U (n). Hence we can view S as a submanifold of U given by the 0 section. We will assume that S is diffeomorphic to a ball. Suppose that S ′ 1 , · · · , S ′ n are real codimension 2 positively intersecting symplectic submanifolds of U so that ∩ i S ′ i = S. Let θ ′ be a 1 -form on U \∪ i S ′ i so that dθ ′ = ω U is the symplectic form on U and so that S ′ 1 , · · · , S ′ n all have positive wrapping numbers with respect to θ ′ . Then (after shrinking the fibers of π) there is a function g ′ so that for all smooth functions f :
Here · is some choice of metric.
Proof. of Lemma 4.5. After shrinking the fibers of U by reducing the radius we will assume that each submanifold S ′ i intersects each fiber of π transversally. Let λ 1 , · · · , λ n > 0 be the wrapping numbers of θ ′ around S ′ 1 , · · · , S ′ n respectively. For the moment we will fix some 1 ≤ i ≤ n. Again after shrinking the fibers of U we have smooth functions x 1 , y 1 , · · · , x n , y n in U so that S ′ i = {x 1 , y 1 = 0} and so that the restriction of these functions to each fiber of π gives us a symplectic coordinate system centered at 0. Note that these coordinates are dependent on i. We also have polar coordinates r, ϑ depending on x 1 , y 1 only so that x 1 = r cos(ϑ) and y 1 = r sin(θ). The universal cover U i of U \ S ′ i admits a fibration π i : U i ։ S equal to the covering map composed with π. Also U i has functions x 1 , y 1 , x 2 , y 2 , · · · , x n , y n which are pullbacks of r 2 , ϑ, x 2 , y 2 · · · , x n , y n respectively. Each fiber of π i is the universal cover of each fiber of π| U \S ′ i . The coordinates ( x 1 , y 1 , x 2 , y 2 , · · · , x n , y n ) naturally identify the fibers of π i with an open subset of R 2n hence π i : U i ։ S enlarges to a smooth fibration π ′ i : U ′ i ։ S whose fibers are diffeomorphic to R 2n with standard coordinates ( x 1 , y 1 , x 2 , y 2 , · · · , x n , y n ) but the symplectic form does not necessarily extend. Having said that the restriction of the symplectic form to each fiber of π i extends to i d x i ∧d y i on the fibers of π ′ i . The group of deck transformations Z acts on each fiber of π i by sending the coordinate (
This group action extends to one on U ′ i . Note that if we have submanifold V ⊂ U ′ i which intersects each fiber of π ′ i transversally and whose intersection with each fiber is an affine linear subspace of R 2n in the coordinates ( x 1 , y 1 , x 2 , y 2 , · · · , x n , y n ) where the restriction of y 1 to this submanifold is constant and invariant under translations in the x 1 direction, then it maps via the covering map to a fiberwise linear submanifold V of U in the coordinates x 1 , y 1 , · · · , x n , y n . We can view the tangent space at 0 of the intersection of ∩ j =i S ′ j with a fiber as a subspace of this fiber linear in the coordinates (
i then define X v q to be the unique vector field tangent to the fibers (
There is a 1-form q i in U ′ i with the following properties:
(1) The restriction of q i to each fiber is closed.
(2) Inside each fiber, X v q i is tangent to the line L ϑ ′ at the point (0, ϑ ′ , 0, 0, · · · , 0) and pointing in the direction in which x 1 is increasing.
Because the fibers of π i are contractible we have that q i is fiberwise exact and so there is a smooth function g i whose differential restricted to each fiber is q i . Let q ′ i = dg i . This is a closed 1-form with exactly the same properties as q i . After shrinking U , we have that q ′ i descends to a fiberwise closed 1 form q i on U \ S ′ i . Because dq i = 0 we have, after possibly shrinking U , that the symplectic form ω U is equal to the exterior derivative of θ ′′ := θ 1 + i q i where θ 1 is a 1-form whose norm is bounded. This is equal to θ ′ + dg near the zero section for some smooth function g : U \ ∪ i S ′ i → R because both θ ′ and θ ′′ have the same wrapping numbers. We now wish to show that df (X θ ′ +dg ) > c f θ ′ + dg df near S for each f compatible with ∪ i S i . Because the norm of θ 1 is bounded it is sufficient to show that df (X i q i ) > c i q i df for some constant c near S. By definition there are smooth functions x ′′ 1 , y ′′ 1 , · · · , x ′′ n , y ′′ n whose 0 set is S and whose restriction to each fiber is a coordinate system with the property that S ′ i = {x ′′ i , y ′′ i = 0} (again after shrinking the fibers of U ) and so that f = i log((x ′′ i ) 2 + (y ′′ i ) 2 ) + τ near 0 where τ is smooth. For any sequence of points p k ∈ U \ ∪ j S j tending to p ∈ S we have that (after passing to a subsequence) X q i / q i at p k tends to a vector v transverse to S ′ i . Because each such vector v is transverse to S ′ i and because
2 ) near 0 for some constant c i . Also for any sequence of points p k ∈ U \ ∪ j S j tending to 0 and any i 1 = i 2 we have that (after passing to a subsequence) X q i 1 / q i 1 at p k tends to a vector v tangent to S i 2 . This implies that both dx i 2 (X q i 1 / q i 2 ) and dy i 2 (X q i 1 / q i 1 ) tend to 0 and hence
tends to 0. Putting everything together we get that
for some constant c ′ > 0. Now there are constants c 1 , c 2 so that c
. This implies that there is a constant c ′′ > 0 so that:
Now because τ is smooth at S and near S, we have dτ
) and q i tend to infinity as we approach 0 for each i, we get our bound df (
Proof of Proposition 4.1. Fix some metric · on M . For each I ⊂ {1, · · · , l} define S I := ∩ i∈I S i and also choose open sets
There are smooth fibrations π I j : V I j ։ W I j whose fibers are symplectomorphic to small open balls in C |I| and so that the natural symplectic connection has parallel transport maps in U (|I|).
Choose some total order on the set of pairs (I, j) where I ⊂ {1, · · · , l} and 1 ≤ j ≤ k I . We write (I ′ , j ′ ) ≺ (I, j) if (I ′ , j ′ ) = (I, j) and (I ′ , j ′ ) (I, j). We will also choose slightly smaller subsets V ′ I j whose closure is contained in V I j but which still cover ∪ i S i and we define
We wish to prove the same thing in some open set containing
Also there is a smooth function b compatible with ∪ i S i so that θ + dg ′ + dg ′′ < db . Let ρ : M → R be a bump function equal to 0 outside V I j and equal to 1 in V ′ I j . Define g := g ′ + ρg ′′ . Inside N ∩ V I j we have θ + dg ′ < db ′ and θ + dg ′ + dg ′′ < db and so dg ′′ < dβ inside N ∩ V I j for some function β compatible with ∪ i S i . This means that |g ′′ | is bounded above by some function ν so that −ν is compatible with
Also by construction we have θ + dg is bounded above by dβ ′′ in this same open set where β ′′ is compatible with ∪ i S i . Hence by induction we have shown df (X θ+dg ) > 0 near ∪ i S i .
The proof of Proposition 4.2 is identical to the proof of Proposition 4.1 but now θ, π I j :
and N all smoothly depend on the parameter t.
4.2.
Constructing a Specific Contact Form on Our Boundary. Let M be a symplectic manifold with symplectic form ω and let S 1 , · · · , S l be real codimension two positively intersecting symplectic submanifolds so that the inclusion map ∪ i S i ֒→ M is a homotopy equivalence. We will now assume that
and that S i is connected for each i. There is a long exact sequence
maps to zero in this long exact sequence and so there is a unique element
we have a minus sign because we are dealing with Chern classes of tangent bundles instead of cotangent bundles). We call a i the discrepancy. The minimal discrepancy is defined to be min i a i if min i a i ≥ −1 and −∞ otherwise. For I ⊂ {1, · · · , l} we write S I := ∩ i S i . Let θ be a 1-form on M \ ∪ i S i so that dθ = ω. From now on we will assume that:
(1) S 1 , · · · , S l have positive wrapping numbers λ 1 , · · · , λ l > 0 with respect to θ.
(2) S 1 , · · · , S l are symplectically orthogonal submanifolds (I.e. for each i = j we have that the symplectic normal bundle of S i along S i ∩ S j is contained in T S j ).
Theorem 4.6. Let ǫ > 0 be small. There exist functions f :
(1) We have that f is compatible with
Bott family R V whose Conley-Zehnder index is given by 2 i∈I
where Size(R V ) = 2n − |I V | − 1. The length of the respective Reeb orbits minus
has absolute value less than ǫ i∈I d i . Also there exists a disk bounding each Reeb orbit in R V whose intersection with S i is d i . We require that every Reeb orbit sits inside some family
ν ⊂ C 2n be the symplectic ball of radius ν. For each i, there is some
where β is a 1 form, (r i , ϑ i ) are polar coordinates on B 2 ǫ M and pr 1 and pr 2 are the projections to B
Definition 4.7. We will say that f, g, C is a nice contact neighborhood of size ǫ for S 1 , · · · , S n if it has the properties described in Theorem 4.6 above.
We need some preliminary lemmas before we prove this theorem (Lemmas 4.8, 4.9 and 4.10). Before we state these Lemmas, we construct nice fibrations around each S i . Lemma 4.8 will give us a function g : M \ ∪ i S i → R so that θ ′ := θ + dg behaves well with respect to these fibrations. In the proof of Theorem 4.6, we construct some nice Hamiltonian H : M → R so that C := H −1 (δ) for δ > 0 small will be a contact manifold with contact form θ + dg. Note that there is a one to one correspondence between Hamiltonian orbits of H inside H −1 (δ) and Reeb orbits of C. In order to calculate the indices of the Reeb orbits of C, we need a relationship between these indices and the Conley-Zehnder indices of the respective Hamiltonian orbits of H inside H −1 (δ). This is the reason why we have Lemmas 4.9 and 4.10. Lemma 4.9 is an easier case of Lemma 4.10 and is used to prove Lemma 4.10.
For I ⊂ {1, · · · , l} we write S I := ∪ i∈I S i . By [McL12, Lemma 5 .14] we have that for each I ⊂ {1, · · · , l} there are open neighborhoods U I of S I , and smooth fibrations π I : U I ։ S I satisfying the following properties:
(
(2) Each fiber of π I is a symplectic submanifold symplectomorphic to i∈IḊ i ǫ wherė D i ǫ ⊂ C is the open disk of radius ǫ labeled by i ∈ I. Here ǫ is a fixed constant that can be made as small as we like. For J ⊂ I, the fibers of π J | U I are contained in the fibers i∈IḊ i ǫ of π I and are of the form i∈JḊ i ǫ × i∈I\J {z i } for points z i ∈Ḋ i ǫ . Also for all I ⊂ {1, · · · , l} we have
The set of vectors in U I which are symplectically orthogonal to the fibers of π I induce a connection whose structure group is U (1) |I| where each U (1) in this product rotates the diskḊ i ǫ in the product i∈IḊ i ǫ . We define π i , U i as π {i} and U {i} respectively. Because the structure group of π i is U (1) we have have function r i given by the radial coordinate in the fibers which generates the U (1) action rotating the fibers.
We define ρ : [0, ǫ 2 ) → R to be equal to 1 near 0 and equal to 0 near ǫ 2 and define ρ(r i ) : M \ S i → R to be 0 outside U i . Now on each fiber we have an angle coordinate ϑ i which is only well defined up to adding a constant, and so dϑ i is well defined on each fiber. By abuse of notation we will let dϑ i be a 1-form on U i \ S i whose restriction to each fiber is dϑ i with the additional property that dϑ i (X) = 0 for any vector X symplectically orthogonal to the fibers of π i . Note this 1-form may not be closed.
Lemma 4.8. There exists a function g : M → R with the property that θ + dg restricted to a fiber i∈I D i ǫ of π I is equal to i∈I (r 2 i + 1 2π λ i )dϑ i . We also have that the norm with respect to some metric on M of θ + dg − i ρ(r 2 i ) 1 2π λ i dϑ i is bounded. Proof. of Lemma 4.8. Choose a total ordering on the set of subsets I ⊂ {1, · · · , l} so that if |I| > |J| then J I. We write J ≺ I if J I and J = I. We proceed by induction on this total ordering. Suppose that on some neighborhood of ∪ J≺I S J there is a smooth function
using the definition of wrapping number. We can ensure that f p varies smoothly as p varies and that f p is compactly supported in U I \ ∪ j / ∈I S j . We can extend f p to some smooth function on the whole of M . Hence our induction step is done and we have proved the first part of the lemma.
We now need to show that the norm of
, · · · , l} be the set of i with S i containing p. Choose a 1-form β near p with the property that dβ = ω and with the property that the restriction of β to each fiber of π I is i∈I r 2 i dϑ i near S I . Near p we have θ + dg − i∈I ρ(r 2 i ) 1 2π λ i dϑ i − β is a closed 1-form because ρ(r 2 i ) = 1 near p for i ∈ I. Hence it is equal to dg p near p for some function g p : M \∪ i S i → R. Also by construction its restriction to the fibers of π I vanish which means that dg p restricted to the fibers of π I vanish which means that g p is constant along the fibers of π I and hence g p smoothly extends over ∪ I S i near p. Putting all of this together we get that the norm of
Becuse the norm of β and ρ(r 2 i ) is also bounded we then get that the norm of
Recall that for a Hamiltonian H on a symplectic manifold (M, ω) we define X H to be the unique vector field satisfying i X H ω = dH. To any 1-periodic orbit of X H , if we have a trivialization of some power κ ⊗Nc 1 of the canonical bundle of M near this orbit then we can define its Conley-Zehnder index. This is defined in exactly the same way as for Reeb orbits except we now look at the linearization of X H viewed as a map from T M to T M and then look at the diagonal action of this linearization on ⊕
Lemma 4.9. Let (C, ξ) be a contact manifold with contact form α (ker(α) = ξ) and h : R → R a function with h ′ < 0, h ′′ > 0 and h ′ (1) = −1. Let C := C × R be the symplectization of C with symplectic form d(e r α) where r parameterizes R. Let γ(t) be a Reeb orbit of α of length L with a choice of symplectic trivialization of ⊕ Proof. of Lemma 4.9. We identify C with C × {0} in the natural way. Let H ′′ := Lh(e r ) and let γ L (t) := γ(Lt) be the Hamiltonian 1-periodic orbit of H ′′ . We will define CZ ′ (γ L ) to be the Conley-Zehnder index of the orbit γ L . By abuse of notation we define α to be a 1-form on R × C by pulling back α along the natural projection R × C ։ C. Let R be the vector field tangent to C × {r} and equal to the Reeb flow of α| C×{r} for each r. Along γ we have that the symplectic vector bundle T C splits into two symplectically orthogonal subspaces ξ ⊕ ξ ⊥ where ξ is the contact distribution and ξ ⊥ is the symplectic vector space spanned by X α and R. The vectors (X α , R) form a symplectic basis and so give us a symplectic trivialization of ξ ⊥ along γ and hence because ⊕ Nc 1 j=1 T C also has a trivialization along γ we also get a trivialization of ⊕ Nc 1 j=1 ξ along γ. The linearization of the flow of R along γ gives us a sequence of linear maps ξ γ(0) → ξ γ(t) . Using the trivialization of γ * ⊕ Nc 1 j=1 ξ we get that this linearization can be viewed as a family of symplectic matrices S t in C (n−1)Nc 1 . The Conley-Zehnder index of S t is N c 1 times the Conley-Zehnder index of γ. The linearization of the flow of X H ′′ along γ preserves our splitting ξ ⊕ ξ ⊥ and its restriction to ξ is equal to the linearization of the flow of R after a linear reparameterization of time. Also the linearization of the flow of X H ′′ preserves R and sends X α to X α − atR where a > 0 and t is time. Hence using our trivializations of γ * ⊕ Nc 1 j=1 ξ and γ * ξ ⊥ we get a family of symplectic matrices 
If we have some Hamiltonian H ′ and we have some set of fixed points B of φ 1 H ′ (the time 1-flow of X H ′ ) then we say that such a set of fixed points is isolated if any sufficiently close fixed point is contained in B. If B is a path connected topological space and the canonical bundle of our symplectic manifold has a choice of trivialization then by Lemma 3.2 we have that every such Hamiltonian orbit has the same Conley-Zehnder index and we will write CZ(B, H ′ ) for the Conley-Zehnder index. Sometimes we write CZ(B, H ′ , ω) if we wish to stress the fact that we are using the symplectic form ω. A Hamiltonian H ′ with a family of fixed points B is said to be Morse Bott if B is a submanifold and ker(Dφ 1 H ′ − id) = T B along B. If we wish to emphasise which symplectic form we are using then if ω is our symplectic form we will say that (H ′ , B, ω) is Morse Bott. We say a family of Reeb orbits B is Morse Bott of length L if B is a submanifold M and every Reeb orbit of length L starting in B has linearized return map D satisfying ker(D − id) = T B. Sometimes we will write CZ(B, α) for the Conley-Zehnder index of our family of Reeb orbits B using our contact form α.
Lemma 4.10. Let (M ′ , ω ′ ) be an exact symplectic manifold with primative dβ ′ = ω ′ and a choice of trivialization of the N c 1 th tensor power of its canonical bundle. Let K be a Hamiltonian with the property that b := −i X β ′ dK > 0. This means C r := K −1 (r) is a contact manifold with contact form α r := β ′ | Cr . Let B ⊂ M ′ be a connected submanifold transverse to C r for each r so that B r := C r ∩ B is a Morse Bott submanifold of length L r where L r smoothly depends on r. Suppose that b = L 0 along B 0 and that
Proof. Lemma 4.10. We will deform β ′ and K through appropriate forms, and then use Lemmas 3.2 and 4.9 for our Conley-Zehnder index calculations. This will be done in 3 steps.
Step 1. In this step we will deform β ′ through certain primitives of symplectic forms.
(2) η(0, r) = 1, η(1, r) = e r and η(w, 0) = 1 for all w, r.
Define β ′ w := ν(w, r)ι * w β ′ . For r near 0 we have that the restriction of β ′ w to C r is a contact form. So after shrinking ǫ ′ we can assume that the restriction of β ′ w to C r is a contact form for all r. We will write b as a function b(y, r) of two variables (y, r) ∈ C 0 × (−ǫ ′ , ǫ ′ ). Let R w be a vector field tangent to C r and equal to the Reeb vector field of β ′ w | Cr for each r. Note that
This means that dβ ′ w is a symplectic form after shrinking ǫ ′ .
Step 2. In this step we construct a smooth family of Hamiltonians depending on w so that B 0 is a Morse Bott submanifold using the symplectic form dβ ′ w . Let B w := ζ −1 w (B). We have that B w | Cr is a Morse Bott submanifold of (C r , β ′ w ) whose length is a smooth function L(w, r) of w and r.
Let q λ : R → R be a smooth family of functions with the property that q λ (0) = 0, q ′ λ (0) = 1 and q ′′ λ (0) = λ. We will also assume that q 0 = id. For 0 < η < 1 let ρ η : [0, 1] → [0, 1] be a bump function with the property that ρ η (x) = 0 near 0 and ρ η (x) = 1 inside [η, 1]. Define K w,η,λ := q λρη(w) • K. Here 1 λ ≪ η ≪ 1. For any 1-form α define X w α to be the dβ ′ w dual of α. We define s w := i X w dK w,η,λ β ′ w . Here s w depends on λ and η but we suppress this notation for simplicity. We have that
Let V w be a smooth family of vector fields parameterized by w ∈ [0, 1] with the property that V w is tangent to B w with dK(V w ) = −1 which means that dr(V w ) = 1. We will also assume that
Hence ds w (V w ) < 
Putting everything together we get ker(D w p − id) = T B 0 along B 0 for all w.
Step 3. In this step we finish the proof by calculating Conley-Zehnder indices. Lemma 3.2 combined with the fact that K = K 0,η,λ implies that Proof. of Theorem 4.6. We will prove this Theorem in 6 steps. In the first step, we will construct our contact manifold and functions f and g. In the second step, we will find our family of Reeb orbits R V , and then we will show that they are pseudo Morse Bott. In the third Step we will calculate their indices using Lemma 4.10. The second and third steps are the longest and most technical steps. In Step 4 we estimate the length of these families of Reeb orbits. In Step 5 we construct the submanifolds W i as described in the statement of this Theorem. Finally in Step 6 we show that df (X θ ′ ) > 0 in the region bounded by C δ . Steps 4, 5, 6 are very short.
Step 1: In this Step we will construct our contact manifold and functions f and g. We define q : [0, ǫ 2 ) → R to be a smooth function so that:
(1) There is some ǫ q ∈ (0, ǫ) with q(x) = 0 if and only if x ∈ [ǫ 2 q , ǫ 2 ]. Also q(x) = 1 − x 2 near x = 0. (2) We also assume that the derivative of q is non-positive and that it is strictly negative when q(x) is positive and x = 0. (3) There is a unique point x with q ′′ (x) = 0 and q(x) = 0.
We define H := i q(r 2 i ). Define g : M \ ∪ i S i → R as in Lemma 4.8 and define θ ′ := θ + dg. Our contact manifold will be C δ := H −1 (δ) with contact form α δ := θ ′ | C δ for δ sufficiently small. Let ν : (0, ǫ] → R be a smooth function equal to 0 near ǫ 2 and satisfying ν(x) = log(x) for x ≤ ǫ 2 q . Define ν(r 2 i ) to be 0 outside U i . Our function f : M \ ∪ i S i → R will be defined as i ν(r 2 i ).
Step 2: In this step we will find our family of Reeb orbits R V , and then we will show that they are pseudo Morse Bott. For each i ∈ {1, · · · , l} define
We can extend the function h i (r 2 i ) : U i → R to a function M \ ∪ i S i → R by defining it to be 0 outside U i . Because the derivative of log(h i (x)) tends to −∞ as we approach ǫ q from below we get that
tends to −∞ as we approach ǫ q from below. Similarly by looking at log(−q ′ ) we have that q ′′ q ′ tends to −∞ as we approach ǫ q from below. We choose δ small enough so that:
Inside (H I • π I ) −1 (0) we have that H is a function of (r 2 i ) i∈I given by i∈I q(r 2 i ) and so inside C δ the coordinates r i are subject to the conditions i∈I q(r 2 i ) = δ. Note that if (r i , ϑ i ) are polar coordinates for D i then θ ′ restricted to a fiber i∈I D i is i∈I (r 2 i + 1 2π λ i )dϑ i . Because X H is tangent to the fibers of π I inside (H I • π I ) −1 (0) we then get that
and D ′ t is the identity on any other vector symplectically orthogonal to the fibers of π I and also on ∂ ∂ϑ j for each j.
Let V be a vector in T C δ at a point p ∈ O δ d . We have
j for some α j , β j ∈ R where W is symplectically orthogonal to the fibers of π I . Because db does not change as we flow along O δ d , we have that
. Hence
If V is not tangent to O δ d then dr k (V ) = β k = 0 for some k where β k satisfies |β k | ≥ |β i | for all i. Conditions (1) and (2) above then imply
Step 3: We now need to calculate the Conley-Zehnder index of
Recall
So by Lemma 4.10 we get CZ( 
and A is the subspace symplectically orthgonal to the fiber of π I through p. The Hamiltonian flow of H preserves this splitting and is the identity on A and is equal to the differential of the flow of q(r 2 i ) on
. Hence the index of our Reeb orbit is: 2 i∈I (a i + 1)
To connect these computations back to the statement of the Theorem we have
Step 4: Now we need to estimate the length of each pseudo Morse Bott family of Reeb orbits. In our case we need to calculate the length of O δ d for d = (d i ) i∈I . This pseudo Morse Bott family corresponds to some element V = i∈I d i S i in our monoid which is our family of Reeb orbits. The length of O δ d is i∈I (d i (2πr 2 i + λ i ). For 0 < δ ≪ ǫ small enough we then get that the length of O δ d minus i∈I d i (2πǫ 2 + λ i ) is less than ǫ i∈I d i .
Step 5: We now need to construct our submanifolds W i as described in the statement of this theorem. Let p ∈ S i be a point in H −1
) is a symplectic fibration with fibers symplectomorphic to B 2 ǫ . Inside this region, we can deform our fibration π i (along with our Hamiltonian H) near π
ǫ and so that θ ′ becomes a product π * i β + r 2 i dϑ i in this region. We can also assume that r i and dϑ i become polar coordinates for B 2 ǫ . For δ small enough, this does not change the properties of (H −1 (δ), θ ′ H −1 (δ) ). Our region
Step 6. Here we show that df (X θ ′ ) > 0 in the region bounded by C δ . We have inside (H I • π I ) −1 (0) that X θ ′ = X 1 + X 2 where X 1 is tangent to the fibers i∈I D ǫ of π I and X 2 is symplectically orthogonal to these fibers. Because the restriction of θ ′ to the fiber is
i . Because f = i∈I ν(r 2 i ), and df (
This completes the theorem.
4.3.
Bounding the Minimal Discrepancy of a Singularity from Above. In this subsection we will use the results from the last two subsections to give an upper bound for the minimal discrepancy of an isolated singularity in terms of indices of Reeb orbits of its link.
The main theorem of this section is the following:
Theorem 4.11. Let A ⊂ C N be a smooth affine variety which is either smooth at zero or has an isolated singularity at zero. Suppose that its link
We will need a preliminary lemma before we prove the above theorem. This lemma will also be useful in Section 6.2 where we bound minimal discrepancy from below. Let A be as in Theorem 4.11 above and let A δ be its intersection with a small ball of radius δ. We resolve A at 0 by blowing up along smooth loci by [Hir64] and take the preimage A δ of A δ under this resolution map. We suppose that the exceptional divisors E 1 , · · · , E l are smooth normal crossing.
Lemma 4.12. There exists a symplectic form ω A on A δ compatible with the natural complex structure which means that E 1 , · · · , E l are positively intersecting. Also there exists a 1-form θ A on A δ \ ∪ i E i with dθ A = ω A and so that E 1 , · · · , E l have positive wrapping numbers with respect to θ A . There also exists a smooth function f A :
Proof. of Lemma 4.12. Because our resolution is obtained by blowing up along smooth loci starting from A ⊂ C N , we can also blow up C N along the same loci giving us C N . Let E ′ 1 , · · · , E ′ l ⊂ C N be the corresponding exceptional divisors with E ′ i ∩ A δ = E i . We can reorder them so that the preimage of the exceptional divisor of the ith blowup of C N is E ′ i . Hence for positive integers ν 1 ≫ · · · ≫ ν l > 0 we have − i∈I ν i E ′ i is ample in some neighborhood of ∪ i E i . So for δ > 0 small enough we have − i∈I ν i E i is ample in A δ . This means that if L → A δ is the line bundle associated to − i∈I ν i E i then it has a Hermitian metric · with positive curvature F and a non-zero meromorphic section s with poles i∈I ν i E i . Our symplectic form is ω A := −2πiF and θ A = −d c log( s ). Our function f A is log( s ). The wrapping numbers of E 1 , · · · , E l with respect to θ A are positive numbers 2πν 1 , · · · , 2πν l respectively.
Let z 1 , · · · , z N be the natural coordinates on C N . Define ρ : A δ \ ∪ i E i → R to be the pullback of i∈I |z i | 2 . For all small enough η > 0 we have that (
. Let R be the radial vector field emanating from 0 with respect to this coordinate system. Now ρ = s k i=1 |z ′ i | 2q i for some integers q 1 , · · · , q k > 0 and some non-zero holomorphic function s. Hence dρ(R) > 0 near p. Also with respect to some trivialization of L near p we have · = e µ | · | for some smooth function µ defined near p. Hence log( s ) = µ + k i=1 k i log(|z ′ i |) for positive integers k 1 , · · · , k n . Again this implies that d(log( s ))(R) > 0 near p. Hence dρ t (R) > 0 near p. Because ∪ i E i is compact we then get dρ t = 0 near ∪ i E i . Hence there is a smooth function λ : [0, 1] → R satisfying:
(1) For any l ≤ L := λ(1) we have that l is a regular value of ρ 1 = log( s ). (2) We have λ(0) > 0 and for any l ∈ (0, λ(0)), l is a regular value of ρ 0 = ρ. 
Proof. of Theorem 4.11. Let ω
be from Lemma 4.12. Let a 1 , · · · , a l ∈ Q be the discrepancies of E 1 , · · · , E l respectively. Now f A is compatible with ∪ i E i and so by Corollary 4.3 and Theorem 4.6 we have that (f −1
A (l) ) admits a compatible contact form β so that every Reeb orbit sits inside a pseudo Morse Bott family of size 2n − |I V | − 1 and Conley-Zehnder index 2 i∈I V (a i +
1)d
where I V ⊂ {1, · · · , l} is a subset of size at most n = dim C (A) and d i are positive integers labeled by i ∈ I V . The minimal discrepancy md(β) of this contact form is the infimum over all I V and d i of
Now if a i < −1 then both md(A, 0) and md(β) are −∞ and so 2md(A, 0) ≥ md(L A , ξ A ) in this case. Otherwise the infimum over all I V and
Gromov Witten Invariants on Open Symplectic Manifolds
Genus 0 Gromov Witten invariants for general symplectic manifolds have now been defined in many different ways: [FO99] , [CM07] , [Hof11] and [LT98b] . Earlier work for special symplectic manifolds such as projective varieties of complex dimension 3 or less are done in [Rua96] , [Rua94] and [RT95] . The results apply as the main application of this paper is in complex dimension 3, although there are results in higher dimensions too. These invariants can also be defined in a purely algebraic way [LT98a] , [BF97] and [Beh97] but we will not use these theories here. In all of these cases Gromov Witten invariants are defined for closed manifolds. The symplectic manifolds in our case are open but all the holomorphic curves stay inside a fixed compact subset which is not a problem (with the possible exception of [CM07] which is reliant on Donaldson hypersurface techniques).
Let (S, ω S ) be a (possibly non-compact) symplectic manifold, J be a family of compatible almost complex structures in S and [A] ∈ H 2 (S) so that:
(1) J is non-empty and connected, I.e. for any J 1 , J 2 ∈ J there exists a smooth path of almost complex structures in J joining J 1 and J 2 . Sometimes we need to perturb J by a small amount. For instance when defining the invariant GW 0 (S, [A], J) one quite often needs to perturb J to some C ∞ generic J before counting the holomorphic curves. In this case we do the following. Choose a relatively compact open set U containing U S . By a Gromov compactness argument we have that for any J ′ sufficiently C ∞ close to J ∈ J we either have that every J ′ holomorphic curve is contained in U S or some part of the curve maps outside U . This means that (U, [A], J ′ ) is a GW triple and so we define GW 0 (S, [A], J ′ ) := GW 0 (U, [A], J ′ ). Note that this count is independent of the choice of open set U because if we had some other set V then we can make J ′ sufficiently close to J to ensure that all holomorphic curves are either inside U S or have some point outside U ∪ V . We also have the following similar lemma. 
We can ensure that any genus 0 nodal J ′ holomorphic curve for J ′ ∈ J whose image is contained in S ′ has its image contained in U S .
Proof. of lemma 5.1. Suppose that the Theorem above is false. This means that there is a J ∈ J and a sequence of compatible almost complex structures J i C ∞ converging to J and a sequence of J i holomorphic curves u i mapping to S ′ but not to U S representing [A] ′ . By a Gromov compactness argument, a subsequence then converges to a J holomorphic curve mapping to the closure of S ′ . Because (S, [A], J) is a GW triple we then get that such a limit curve is contained in U S . But this means that u i maps to U S for i large enough which is a contradiction. Hence (S ′ , [A] ′ , J ′ ) is a GW triple. The reason why GW 0 (S, [A], J) = GW 0 (S ′ , [A ′ ], J ′ ) is because we can count our curves with respect to some almost complex structure J ∈ J ⊂ J ′ .
Suppose we have a family of GW triples (S, [A], J t ) labeled by t ∈ [0, 1] such that:
(1) For each t ∈ [0, 1] the associated symplectic form is equal to ω S,t and this smoothly varies with t. (2) There is a smooth family of almost complex structures J t , t ∈ [0, 1] such that J t ∈ J t for all t ∈ [0, 1]. (3) There is a relatively compact open subset U ′ S with the property that any J t holomorphic curve representing [A] is contained in U ′ S . We will say such a family is called a smooth deformation of GW triples. Or we will say that (S, [A], J 0 ) is deformation equivalent to (S, [A], J 1 ).
The proof of this lemma is basically the same as the proof that Gromov Witten invariants do not change when deforming the symplectic and almost complex structure. Our deformation is (ω S,t , J t ). The only difference in our argument is that we are in an open symplectic manifold but this is OK as all the J t holomorphic curves stay inside a fixed relatively compact open subset. Again sometimes we would like to perturb J t slightly in which case we fix a relatively compact open subset containing U ′ S and count curves inside this subset using the same ideas from Lemma 5.1.
Lemmas 5.3 and 5.4 below are important tools which will be used later to give a lower bound on minimal discrepancy. Lemma 5.3 gives us some sufficient conditions for a symplectic manifold, a homology class and a family of almost complex structures to be a GW triple. Lemma 5.4 uses a neck stretching argument to find Reeb orbits with an appropriate upper bound on their Conley-Zehnder index. We refer the reader to Appendix A (Section 7) for definitions concerning neck stretching along stable Hamiltonian structures.
Lemma 5.3. . Suppose that S is a symplectic manifold, C ⊂ S a compact stable Hamiltonian hypersurface, J i a sequence of almost complex structures compatible with the symplectic form ω S and [A] a homology class in S satisfying:
(1) We have S \ C is a disjoint unionṠ + ,Ṡ − where the closure ofṠ ± inside S, which is equal toṠ ± ∪ C ⊂ S, is a stable Hamiltonian cobordism S ± . Here C has a standard neighborhood (−ǫ h , ǫ h ) × C symplectomorphic to its symplectization and we require that [0, ǫ h ) × C ⊂ S + and (−ǫ h , 0] × C ⊂ S − which means that S + has a negative boundary and no positive boundary and S − has a positive boundary but no negative boundary. We will assume that S − is compact but S + may not be compact. (2) J i is a sequence of almost complex structures stretching the neck along C with respect to (−ǫ h , ǫ h ) × C so that J i |Ṡ + converges in C ∞ loc insideṠ + to an almost complex structure J + compatible with the completion of S + after neck stretching along C. To provide some context for this lemma, we will apply it in the proof of Theorem 6.1 later on in the following way: Let A be a resolution of our singularity A and let A δ be the preimage of a small ball under the resolution map. The manifold S in this proof will be some partial compactification of A δ . The homology class [A] will be Lefschetz dual to the exceptional divisor in this resolution with the lowest discrepancy (roughly). The contact manifold C will be our link ∂ A δ inside S and this divides S into A δ (representing S − ) and the extra non-compact piece S + . The submanifold E is morally some 'divisor' that compactifies A δ . The reason why we need a well defined GW triple is so that we can apply a neck stretching argument along C = ∂ A δ so that we can find a Reeb orbit of an appropriate index in order to bound the minimal discrepancy of A from below.
2 ) ∪ U S . We will show that for i large enough, every genus 0 nodal J holomorphic curve in S ′ representing [A] for J ∈ J i,ωt is contained inside the relatively compact open set U ′ S . Suppose for a contradiction that we have a sequence t i ∈ [0, 1], a sequence J ′ i,t ∈ J i,ωt and a sequence of genus 0 J ′ i,t i holomorphic curves
S but all contained in some much larger relatively compact set S. After passing to a subsequence we can assume that t i converges to t ∞ for some t ∞ ∈ [0, 1] and hence ω t i C ∞ converges to ω t∞ . Because J ′ i,t i stretch the neck along C and converge in C ∞ loc to J + insideṠ as i → ∞ we have by Proposition 7.2 a finite energy J + holomorphic curve inṠ + intersecting Q with multiplicity 1. Such a curve is contained inside U S by assumption. Proposition 7.2 then tells us that for some i large enough, the image of u i is contained in U ′ S which gives us a contradiction. Hence for i large enough we have that the image of every J ′ i,t holomorphic curve is contained in the relatively compact open set U ′ S . Hence (S ′ , [A], J ′ i,t ) is a smooth deformation of GW triples.
We are interested in indices of Reeb orbits and the following lemma gives us an upper bound for the Conley-Zehnder index of a Reeb orbit. We give a slightly different (but equivalent) definition of the relative first Chern class here. Let M be any symplectic manifold with boundary ∂M and J a compatible almost complex structure. We will assume that ∂M is compact but M may not be compact. Now let K be the canonical bundle of M (i.e. the highest exterior power of T * M viewed as a complex vector bundle) and let τ be a trivialization of K ⊗Nc 1 along ∂M for some N c 1 ∈ N. Using the trivialization τ we have a complex line bundle K ⊗Nc 1 in the quotient M/∂M . We define the relative first Chern class c 1 (K; Q) ∈ H 2 (M, ∂M ; Q) to be
Lemma 5.4. Suppose that (S, [A], J) is a GW triple and C ′ ⊂ S a contact hypersurface with the following properties:
(1) The hypersurface C ′ splits S into a two stable Hamiltonian cobordisms S + , S − where ∂ − S + = C ′ and ∂ + S − = C ′ . We will also assume that there is a compact codimension 2 submanifold Q ofṠ − so that [A].Q = 0. (2) The contact form α ′ on C ′ only has non-degenerate Reeb orbits. We will suppose that C ′ has a natural trivialization of the N c 1 th tensor power of its canonical bundle so that we can define Conley-Zehnder indices for Reeb orbits. This also implies that the N c 1 th tensor power of the canonical bundle of S + restricted to ∂ − S + also has a chosen trivialization. (3) We have two properly embedded codimension 2 symplectic submanifolds D ∞ , E oḟ S + which intersect transversally and are holomorphic with respect to some J ∈ J and disjoint from some neighborhood C ′ ×(−ǫ h , ǫ h ) of C ′ given by the symplectization. We will assume that E is compact. We require [A]·E = 1, [A]·D ∞ = 0 and S + \(D ∞ ∪E) deformation retracts onto C ′ = ∂ − S + . (4) For any compatible almost complex structure equal J equal to some J 1 ∈ J outside a small (fixed) neighborhood of the closure of S − ∪ ([0, ǫ h ) × C ′ ), we have J ∈ J. We will assume that J is open in the C ∞ topology. Finally we assume GW(S, [A], J) = 0. Let a, b the unique rational numbers with the property that aE + bD ∞ is Lefschetz dual to the relative first Chern class of S + . Then there exists a Reeb orbit R of (C ′ , α ′ ) of ConleyZehnder index less than or equal to n − 3 − 2a if n − 3 ≥ a and less than 3 − n otherwise. where n = 1 2 dim R (S). Now α ′ extends to a 1-form θ ′ on S + \ (D ∞ ∪ E) with dθ ′ = ω S where ω S is the symplectic form on S. The length of R is ≤ −a ′ where a ′ is the wrapping number of θ ′ around E.
Proof. of Lemma 5.4. We stretch the neck along C ′ using almost complex structures J i from J. We will also assume that J i is cylindrical near C ′ . This can be done by property (4) from above. We can also ensure that J i |Ṡ + converges in C ∞ loc to an almost complex structure J + compatible with the completion of S + . We will also assume that J + makes E and D ∞ holomorphic.
Because GW(S, [A], J) = 0 we have a J i holomorphic curve from a genus 0 connected nodal curve representing [A] . By SFT compactness [BEH + 03] we get a connected J + holomorphic curve u ∞ : Σ ∞ →Ṡ + which is contained in compact subset of S (notṠ + ), which intersects E once and does not intersect D ∞ by positivity of intersection. This is the top level of our holomorphic building. The holomorphic curve Σ ∞ has irreducible components Σ 1 ∞ , Σ 2 ∞ , · · · . Exactly one of these components intersects E with multiplicity 1 after mapping them toṠ + under u ∞ . After relabeling such components we can assume that this component is Σ .Q = 0 where Q is a compact submanifold ofṠ − . Now because our holomorphic building is connected we get that the top level of our holomorphic building u ′ = u ∞ must converge to a Reeb orbit. Hence u ∞ is an irreducible J + holomorphic curve intersecting E once and D ∞ 0 times and converging to at least one Reeb orbit in C ′ = ∂ − S + .
By property (4), we can assume that J + is C ∞ generic among almost complex structures equal to J + outside a compact subset ofṠ + and making D ∞ and E holomorphic. In particular we can assume by [Dra04] that any irreducible J + holomorphic curve intersecting E with multiplicity 1 and with finite energy is regular by perturbing J + near E (but not along E or D ∞ ). This is because it is somewhere injective near E as its intersection multiplicity with E is 1. In particular we can assume that u ∞ is regular. Now [BEH + 03][Proposition 5.6] tells us that Σ ∞ compactifies to a surface with boundary Σ ∞ and u ∞ extends continuously to a map u ∞ : Σ ∞ → S + so that u ∞ (∂Σ ∞ ) is a union of Reeb orbits R 1 , · · · , R l .
We now need to compute the sum of the Conley-Zehnder indices of these orbits using [Dra04] . The orientation of the boundary of Σ ∞ coming from the inward normal is equal to the natural orientation of the Reeb orbits R 1 , · · · , R l (I.e. these orbits are negative ends). Now u ∞ intersects E once and D ∞ 0 times and so let p ∈ Σ ∞ be the unique point satisfying 
Using our trivialization τ , any smooth section σ of u * ∞ K ⊗Nc 1 + | Σ ∞ \{p} is given by a function
Because aE + bD ∞ is Lefschetz dual to the relative first Chern class of S + , we can choose such a section σ so that τ −1 •σ is equal to z Nc 1 a near p where z is a local holomorphic coordinate chart around p and is non-zero away from p and constant near ∂Σ ∞ . This means we can view τ −1 • σ as a map from Σ ∞ \ {p} to C * . Because Σ is homotopic to a wedge of circles we can choose some trivialization τ ′ of u * ∞ K + (I.e. τ ′ : C × Σ ∞ → u * ∞ K + is a complex bundle isomorphism). Unlike τ our choice is not unique up to homotopy. Using our trivializations τ and τ ′ ⊗Nc 1 respectively we can get trivializations of the N c 1 th tensor power of the canonical bundle along R 1 , · · · , R l and this means we get two Conley-Zehnder indices CZ τ (R j ) and CZ τ ′ (R j ) = CZ τ ′ ⊗Nc 1 (R j ). Now T := ((τ ′ ⊗Nc 1 ) −1 • τ )| ∂Σ∞ is an automorphism of trivial bundles and so we can view T as a map T : ∂Σ ∞ → C * . Because ∂Σ ∞ is a union of l oriented circles, this means that T represents l elements of π 1 (C * ) = Z given by q 1 , · · · , q l ∈ Z (from now on we will give ∂Σ ∞ the orientation coming from the inward normal, which is the same orientation as the Reeb orbits). By the properties of the Conley-Zehnder index this implies that:
by the catenation axiom in [Gut13] [Theorem 55]) (remember that the Conley-Zehnder index is calculated from a trivialization of some multiple of the tangent bundle and not the cotangent bundle and so the dual of our morphism T sends the trivialization of the N c 1 th tensor power of the anti canonical bundle induced by the dual of τ ′ to the trivialization induced by the dual of the N c 1 th tensor power of τ which is represented by −2q j ). Also because our section σ is constant along ∂Σ ∞ with respect to our trivialization τ we get that (τ ′ ⊗Nc 1 ) −1 • σ| ∂Σ∞ : ∂Σ ∞ → C * is homotopic to T . This implies that j q j = N c 1 a.
And so CZ τ (R j ) < 3 − n in this case. If 2(n − 3) − 2a ≥ 0 then there exists a j so that CZ τ (R j ) + (n − 3) ≤ 2(n − 3) − 2a. And so: CZ τ (R j ) ≤ n − 3 − 2a if n − 3 ≥ a and less than 3 − n otherwise. The bound on the length of R j comes from the fact that Σ∞ u * ∞ ω S ≥ 0 and that −a ′ − i length(R i ) = Σ∞ u * ∞ ω S by Stokes' theorem. This gives us our result.
6. Bounding Minimal Discrepancy from Below 6.1. Bounding Minimal Discrepancy of Positively Intersecting Submanifolds from Below. Let (M, ω) be a compact symplectic manifold with boundary and let S 1 , · · · , S l be symplectically orthogonal submanifolds of the interior so that ω = dθ outside S 1 ∪ · · · ∪ S l and so that ∪ i S i ֒→ M is a homotopy equivalence. We will assume that the wrapping numbers λ 1 , · · · , λ l of θ around S 1 , · · · , S l are positive. We will also assume that there is a trivialization of the N c 1 th power of the canonical bundle ∧ n T * (M \ ∪ i S i ). Because we have such a trivialization we have that the relative first Chern class is Lefschetz dual to
where a i ∈ Q is the discrepancy of S i . Recall from Definition 4.4 we have a contact manifold which is an invariant of the deformation class of S 1 , · · · , S l within the space of positively intersecting symplectic submanifolds called the link of ∪ i S i . The main theorem of this section is:
Theorem 6.1. Let (C, α) be contactomorphic to the link of S 1 , · · · , S l . Then there exists a Reeb orbit γ of α so that
where Dγ : ker(α)| γ(0) → ker(α)| γ(0) is the linearized return map of the Reeb flow along the length of γ restricted to the contact hyperplane distribution.
In the next section we will apply this to isolated singularities. The symplectic manifold M should be thought of as a neighborhood of the exceptional divisors of a resolution of an isolated singularity and S i should be thought of as an exceptional divisor.
Proof. of Theorem 6.1. We will prove this theorem in 5 steps. In the first step we deform our symplectic form to a better one so that the problem is slightly easier. In the second step, we construct some appropriate contact and stable Hamiltonian submanifolds of M deformation equivalent to (C, α) and we will also partially compactify M to a symplectic manifold S.
In the third step we show that a certain class of holomorphic curves inside S stay inside a compact subset. In the fourth step we will construct a certain family of GW triples using S and then finally in the last step we use Lemma 5.4 to find Reeb orbits of (C, α) of the appropriate index.
Step 1. In this step we will construct a symplectic manifold and a codimension 0 submanifold whose boundary is contactomorphic to (C, α) and whose Reeb flow has nice properties. By [McL12] [Theorem 5.3] we can deform S 1 , · · · , S l through positively intersecting submanifolds so that S 1 , · · · , S l becomes symplectically orthogonal. By Corollary 4.3 we have that the link of this new set of symplectically orthogonal divisors is contactomorphic to (C, α) and so from now on we will assume that ∪ i S i are symplectically orthogonal.
By Theorem 4.6 we have for each ǫ > 0, there exist functions f : M \ ∪ i S i → R, g : M \∪ i S i → R, a contact submanifold C 1 ⊂ M with contact form α 1 = θ ′ | C 1 where θ ′ = θ + dg satisfying the following properties:
(1) We have that f is compatible with ∪ i S i and df (X θ ′ ) > 0 inside N \ ∪ i S i where N is a small neighborhood of ∪ i S i . Also C 1 is a subset of N and is transverse to X θ ′ where X θ ′ points outwards along C 1 away from ∪ i S i . This condition ensures that (C 1 , α 1 ) is contactomorphic to the link of ∪ i S i and hence is contactomorphic to (C, α). (2) Let V S = N S 1 , · · · , S l be the free commutative monoid generated by S 1 , · · · , S l .
For each non-zero element of V S given by V := j∈I V d j S j we have a pseudo Morse Bott family R V whose Conley-Zehnder index is given by 2 i∈I V (a i + 1)
where we have Size(R V ) = 2n − |I V | − 1. The length of the respective Reeb orbits minus i∈I d i (2πǫ 2 + λ i ) has absolute value less than ǫ i∈I d i . Also there exists a disk bounding each Reeb orbit in R V whose intersection with S i is d i . We require that every Reeb orbit sits inside some family R V . (3) Let B 2n ν ⊂ C 2n be the symplectic ball of radius ν. For each i, there is some 
Because N c 1 c 1 (ker(α 1 )) = 0 for some N c 1 ∈ N we get that
, min i (a i )). After reordering the submanifolds S i we will assume that S 1 has the property that a 1 ≤ µ and λ 1 = min {i|a i ≤µ} λ i . We will choose ǫ > 0 small enough so that every pseudo Morse Bott family R V of Reeb orbits described as above of length less than 2πǫ 2 + λ 1 satisfies
is an even multiple of 1 Nc 1 we get that:
Hence:
Because C 1 separates M into two pieces we let M 1 ⊂ M be the unique codimension 0 submanifold containing ∪ i S i whose boundary is equal to C 1 . This is a cobordism of stable Hamiltonian structures with ∂ − M 1 = ∅ and ∂ + M 1 = C 1 .
Step 2. We will now construct an appropriate symplectic manifold containing M 1 along with some natural compatible almost complex structures on this manifold. Define ω ′ + := dθ ′ | C 1 . By flowing backwards along X θ ′ we will assume that a neighborhood of ∂ + M 1 = C 1 is diffeomorphic to (−ǫ, 0] × C 1 with θ ′ = e r α 1 where r parameterizes (−ǫ, 0]. Define C 2 := {r = − ǫ 2 }. Now let S 2 ǫ be the two sphere of area 2πǫ 2 and let B 2 ǫ ⊂ S 2 ǫ be some symplectic embedding of the ball into the sphere and let q ∞ ∈ S 2 ǫ \ B 2 ǫ be the unique point in the complement of this embedding. We define (S ′ , ω S ′ ) to be the symplectic manifold given by the interior of the union of M 1 with B
where W 1 ⊂ M 1 is the submanifold described earlier. We define (S, ω S ) to be the symplectic blowup of (
ǫ . We let Bl : S ։ S ′ be the blowdown map which is a diffeomorphism away from some symplectic submanifold E (the exceptional divisor) and a symplectomorphism outside some very small open subset containing E. Hence because q ∞ is disjoint from M 1 , we have that M 1 is naturally a submanifold of S. We require that this blow up should be small enough so that the restriction of ω S to M 1 is ω S ′ .
We will now put a stable Hamiltonian structure on C 1 . Define
We do this by choosing some bump function ρ on B 
is the natural projection map. Then (ω ′ + , α + ) is a Stable Hamiltonian structure on C 1 with exactly the same Reeb flow as α 1 . The
. Because (ω ′ + , α + ) is a contact structure away from our pseudo Morse Bott family R S 1 we can perturb α + outside R S 1 and hence also ω ′ + = dα + by a C ∞ small amount so that all Reeb orbits of α + whose length is less than 2π(ǫ M + λ 1 ) are non-degenerate (note that these orbits are disjoint from R S 1 ). By Lemma 3.5 we have that the indices of any of these non-degenerate Reeb orbits is strictly greater than max(3 − n − 1 2Nc 1 , 2a 1 + 3 − n) from the inequality in Step 1. A small neighborhood of C 1 inside S is symplectomorphic to (−η, η) × C 1 with ω S = ω ′ + + d(r 1 α + ) where η > 0 is small and r 1 parameterizes (−η, η). Let J i be a sequence of almost complex structures on S compatible with ω S which stretch the neck along C 1 with respect to (−η, η) × C 1 . Now C 1 splits S into two regions S + and S − where S + , S − are cobordisms of stable Hamiltonian structures with
where Bl : S → S ′ is our blowdown map. This is also a cobordism of stable Hamiltonian structures. We will assume that J i |Ṡ + converges in C ∞ loc to some almost complex structure J + compatible with the completion of S + . We will choose J + so that the blowdown map Bl| 
where J B 2n−2 is the standard complex structure on B 2n−2 ǫ ′′ M ⊂ C n−1 and where J ∞,S 2 is some compatible complex structure on S 2 ǫ \ B 2 ǫ M .
Step 3. In this step we will now show that any finite energy proper J + holomorphic curve intersecting E once and D ∞ 0 times is contained inside a fixed compact subset of S + . In fact we will show that it is contained inside the interior of Bl
where Bl : S → S ′ is the blowdown map. The reason why we want to do this is that in Step 4 we create an appropriate family of GW triples using Lemma 5.3 combined with results from this step.
Let u : Σ →Ṡ + be such a curve. Let u ′ : Σ →Ṡ ′ + be the composition of u with the blowdown map. We will first show Σ is irreducible. Let Σ 1 , Σ 2 , · · · be the irreducible components of Σ. Exactly one of these components intersects D ′ ∞ after mapping them with u ′ by positivity of intersection. We will assume after reordering these components that Σ 1 intersects D ′ ∞ . If Σ 2 exists then it must map to the stable Hamiltonian cobordismṠ ′ + \ D ′ ∞ . Because θ ′ evaluated on the Reeb vector field along ∂ −Ṡ ′ + is 1 and because θ ′ extends to a 1 form onṠ ′ + \ D ′ ∞ whose exterior derivative is the symplectic form we then get that Σ 2 cannot exist by Proposition 8.1. Hence Σ is irreducible.
is a proper J B 2n−2 holomorphic map and so is either the constant map, or a map whose energy is greater than or equal to 2π(ǫ ′′ M ) 2 by the monotonicity formula. Let σ i ∈ Σ be a sequence of points so that u ′ (σ i ) gets arbitrarily close to ∂ −Ṡ ′ + . Now Lemma 7.3 tells us that after passing to a subsequence, u ′ (q i ) converges to a point on a Reeb orbit of length at most 2π(ǫ) 2 + λ 1 because the intersection of u ′ with D ′ ∞ is 1 and the wrapping number of
We have two cases: Case 1: This Reeb orbit is contained in R S 1 for some sequence of points σ i as described above. Case 2: No such Reeb orbit is contained in R S 1 for any sequence of points. We will in fact show that this case cannot occur using a proof by contradiction.
Case 1: Suppose this Reeb orbit is contained in R S 1 . The second half of Lemma 7.3 tells Case 2: This case involves a lot more work. Here we suppose (for a contradiction) that every such sequence σ i converges to a Reeb orbit not in R S 1 . All such Reeb orbits are nondegenerate by construction. Lemma 7.3 tells us that Σ is biholomorphic to P 1 \ {w 1 , · · · , w l } where w 1 , · · · , w l are l distinct points. By [BEH + 03] these punctures converge to nondegenerate Reeb orbits R 1 , · · · , R l . We have that u is somewhere injective because it intersects our holomorphic submanifold E with multiplicity 1 and because Σ is irreducible. By perturbing J + appropriately we can ensure that J + has the property that every somewhere injective
) and whose domain is a punctured sphere is regular by [Dra04] . We can still ensure that all the properties of J + hold. The point here is that to achieve regularity we only need to perturb
) has a somewhere injective point outside this region.
Let K be the canonical bundle of S and K ′ the canonical bundle of S ′ . Because H 1 (C 1 ; Q) = 0 and N c 1 c 1 (T S| C 1 ) = 0 we have a canonical trivialization τ :
ǫ ) is contractible we also have a canonical trivialization τ ′ + of K ′ ⊗Nc 1 in this region. Similarly we have a trivialization degree (2 + a 1 )N c 1 . The trivialization τ ′ + also gives a trivialization τ + of K ⊗Nc 1 along S + \ E because Bl is a biholomorphism onto its image away from E. Because E is the exceptional divisor of a blowup we can construct a section σ which is constant with respect to τ + near ∂ − S + and non-zero away from a small neighborhood of E and whose zero set is homologous to (n − 1)N c 1 [E] near E. All of this implies that there is a section σ 1 of K ⊗Nc 1 | S + which is constant with respect to the trivialization τ along ∂S + and whose zero set is homologous to
(note that 2 + a 1 now becomes −2 − a 1 in our calculations because if we have a disk inside (B 2n−2 ǫ ′ M × S 2 ǫ ) ∩ S + intersecting D ∞ positively once with boundary {0} × ∂B 2 ǫ M then its boundary orientation is the opposite of {0} × ∂B 2 ǫ M ). This means that the Chern number of u * K ⊗Nc 1 with respect to the pullback of the trivialization τ is (−a 1 + (n − 3))N c 1 . Hence the Chern number of the pullback via u of the N c 1 th tensor power of the anti-canonical bundle is (a 1 − (n − 3))N c 1 . Now choose some trivialization τ ′′ of the pullback of the anti-canonical bundle along u. By the statement after Corollary 2 in [Dra04] we get that (n − 3)(2
Step 4. In this step we construct an appropriate family of symplectic structures and almost complex structures on S giving us a family of GW triples. We will use Lemma 5.3 combined with Step 3 to do this.
We now have two regions containing C 1 . One is (−ǫ, 0] × C 1 with θ ′ = e r α 1 and the other is (−η, η) × C 1 with ω S = ω ′ + + d(r 1 α + ). To avoid confusion we will write the second neighborhood (−ǫ, 0] × C 1 as (− We can also assume that J i = J j in this region for all i, j. Define J C 2 to be the restriction of J i to the contact distribution on C 2 and J C 2 the respective cylindrical almost complex structure on the symplectization R × C 2 .
We need to perform a certain symplectic dilation along C 2 parameterized smoothly by some R ∈ R. Now C 2 splits S into two manifolds with boundary S 2,+ and S 2,− where S 2,− is the region containing our exceptional divisors. We have that S 2,+ , S 2,− are cobordisms of stable Hamiltonian structures with ∂ + S 2,+ = ∂ − S 2,− = ∅ and ∂ − S 2,+ = ∂ + S 2,− = C 2 . Choose a smooth family of orientation preserving diffeomorphisms
We can also define a smooth family of 1-forms θ R where
We let ω R := dθ R . This extends to a symplectic form on the whole of S ′ .
We let J i,R be the set of almost complex structures compatible with ω R and equal to J i in the region S + ∪ ((−η, η) × C 1 ). Choose R max > ǫ with the property that there is some embedding ι : C ֒→ (− Step 5. Here we will perturb α slightly to a contact manifold (C, α ′ ) whose Reeb orbits have indices related to those of (C, α) and then use Lemma 5.4 to find Reeb orbits of (C, α ′ ) of the appropriate index which in turn gives us our result.
Let d := inf γ (CZ(γ) − 
We now have an embedding ι ′ :
which is C ∞ close to ι with the property that (ι ′ ) * θ Rmax = α ′ . We have that ι ′ (C) splits S into two symplectic cobordisms
is homotopic to C through stable Hamiltonian hypersurfaces, we get that the N c 1 th tensor power of the canonical bundle has a natural trivialization along ι ′ (C) whose relative first Chern class on S +,ι ′ is Poincaré dual to (−2 − a 1 )D ∞ + (−a 1 + (n − 3))[E] as calculated above. Hence by Lemma 5.4 using our symplectic form ω Rmax , cobordisms S +,ι ′ , S −,ι ′ and D ∞ , E as above we get that (C, α ′ ) admits a Reeb orbit of length ≤ e 2Rmax− ǫ 4 (2π(ǫ) 2 + λ 1 ) (I.e. minus the wrapping number of θ Rmax around E) and whose index is less than or equal to n − 3 − 2(−a 1 + (n − 3)) if n − 3 ≥ (−a 1 + (n − 3)) and less than 3 − n otherwise. Hence d is less than or equal to 2a 1 − (n − 3) if a 1 ≥ 0 and less than 3 − n otherwise which in turn implies that there is a Reeb orbit γ of α satisfying:
otherwise. This proves our Theorem.
6.2. Bounding Minimal Discrepancy of a Singularity from Below. Let A ⊂ C N be an affine variety of dimension n with an isolated singularity at 0 or which is smooth at 0. Recall that the link of A is a manifold L A with a contact hyperplane distribution ξ A .
Proof of Theorem 6.2. Let A δ be the intersection of A with a small ball of radius δ. We resolve A at 0 by blowing up along smooth subvarieties by [Hir64] and take the preimage A δ of A δ under this resolution map. We suppose that the exceptional divisors E 1 , · · · , E l are smooth normal crossing.
By Lemma 4.12, there exists a symplectic form ω A on A δ and a 1-form θ A on A δ \ ∪ i E i so that:
(1) ω A is compatible with the natural complex structure which means that E 1 , · · · , E l are positively intersecting. (2) The wrapping number of θ A around E i is positive for each i. (3) There also exists a smooth function f A : A δ \∪ i E i → R compatible with ∪ i E i with the property that df (X θ A ) > 0 near ∪ i E i and so that (f
The discrepancies a i of E i defined at the start of this section (Section 6) coincide with the discrepancies defined in section 2. Our result then follows from Theorem 6.1.
Appendix A: Stable Hamiltonian Cobordisms
Most material from this section is taken from [BEH + 03] and from [CV10] . We need to cover this material as we have to deal with certain compactness results involving holomorphic curves in stable Hamiltonian structures whose associated Reeb flow is not necessarily Morse Bott. Having said that the structures we are interested in are pseudo Morse Bott submanifolds although we will not need this condition here. A stable Hamiltonian structure on a manifold C of dimension 2n − 1 is a pair (ω h , α h ) where ω h is a closed 2-form and α h is a 1-form with the property that α h ∧ ω n−1 h is a volume form. We also require that ker(ω h ) ⊂ ker(dα h ). Here for any differential form γ, ker(γ) means the set of vectors V so that i V γ = 0. From this we can construct the Reeb vector field R which is the unique vector field R on C satisfying i R ω h = 0 and i R α h = 1. The condition R ∈ ker(ω h ) ⊂ ker(α h ) and i R α h = 1 ensure that the flow of R preserves ω h and α h . An example of a stable Hamiltonian structure is a contact structure λ where α h = λ and ω h = dλ.
An almost complex structure J C on the hyperplane bundle ker(α h ) is compatible with (ω h , α h ) if it is compatible with the symplectic structure ω h | ker(α h ) (i.e. for all non-zero V, W ∈ ker(α h ) we have ω h (V, JV ) > 0 and ω h (JV, JW ) = ω h (V, W )). We can define an almost complex structure J C on R × C in the following way: For vectors of the form (0, V ) where
where r C parameterizes R. We say that J C is a cylindrical almost complex structure associated to J C . A symplectization of (ω h , α h ) is the product (ǫ h , ǫ h )×C for ǫ h > 0 small with symplectic form ω h := ω h +r C dα h +dr C ∧α h . Here by abuse of notation we have identified α h with π * C α h where π C : (ǫ h , ǫ h ) × C ։ C is the natural projection. Also ǫ h has to be sufficiently small to ensure that our symplectic form is non-degenerate. If C ⊂ M is a subset of a symplectic manifold (M, ω) then we say that it is a stable Hamiltonian hypersurface if ω| C = ω h . A neighborhood of C is symplectomorphic to its symplectization (ǫ h , ǫ h ) × C. We will call such a neighborhood a standard neighbourhood.
An almost complex structure J C is said to be compatible with the symplectization (ǫ h , ǫ h )×C if
(1) it is compatible with the symplectic form ω h ,
for some smooth positive function
If J C is only defined on I × C where I ⊂ (ǫ h , ǫ h ) then we also say it is compatible with the partial symplectization I × C if it satisfies the above properties. The smooth positive function f may only have domain given by our subset I ⊂ (−ǫ h , ǫ h ).
Let (M, ω) be a symplectic manifold whose boundary is a disjoint union ∂ − M ⊔ ∂ + M . Suppose that we have a stable Hamiltonian structure (ω An almost complex structure J is compatible with M if it is compatible with the symplectic form and it is equal to almost complex structures J ± compatible with the partial symplectizations [0, ǫ h ) × ∂ − M and (−ǫ h , 0] × ∂ + M on the cylindrical ends. An almost complex structure J defined on the interior of M is said to be compatible with the completion of M if it is compatible with the symplectic form and there are smooth maps
(1) On the cylindrical ends J is equal to almost complex structures J ± compatible with the partial symplectizations (0, ǫ h ) × ∂ − M and (−ǫ h , 0) × ∂ + M . (2) φ + is an orientation preserving diffeomorphism onto its image (0, ∞) and φ − is an orientation preserving diffeomorphism onto its image (−∞, 0). (3) There is a compatible almost complex structure J + (resp. J − ) on ker(α + ) (resp. ker(α − )) with the property that (s r • φ + , id) * J + (resp. (s r • φ + , id) * J − ) converges in C ∞ loc to J + in R × ∂ + M as r → −∞ (resp. r → ∞) where s r : R → R sends x to x + r. Let u : Σ → R × C be any smooth map where Σ is some surface. We define E ω h (u) to be Σ (π C • u) * ω h where π C is the projection R × C ։ C. Let r be the coordinate parameterizing R in R × C. We define E α h (u) := sup φ∈C Σ (φ • r • u)u * (dr ∧ dα h ) where C is the set of compactly supported smooth maps φ : R → R whose integral is 1. We define E C (u) := E ω h (u) + E α h (u). Now suppose J M is an almost complex structure compatible with the completion of M and u ′ : Σ ′ →Ṁ a J M holomorphic curve whereṀ is the interior of M . This means that there are smooth maps
We have a similar definition of E + (u ′ ). We define E M (u ′ ) := E int(u ′ ) + E − (u ′ ) + E + (u ′ ) and we will call this the energy of u ′ .
We now need to understand stretching the neck. Suppose we have a symplectic manifold (S, ω S ). Let C ⊂ S be a stable Hamiltonian hypersurface with stable Hamiltonian structure (ω h , α h ). A small neighborhood of C is symplectomorphic to the symplectization (−ǫ h , ǫ h )×C for small enough ǫ h . We define S split to be the manifold with boundary obtained from S by gluing S \ C with the disjoint union [0,
Here S split is a cobordism of stable Hamiltonian structures with ∂ − S split = ∂ + S split = C. Note that the interiorṠ split of S split is diffeomorphic in a canonical way to S \ C. It is possible to choose a sequence of almost complex structures J i on S compatible with the symplectic form, a compatible almost complex structure J C on ker(α h ) and a sequence of orientation preserving diffeomorphisms
(1) φ i (0) = 0 and φ ′ i = 1 near −D i and D i . Also D i is strictly increasing and
2 )×C we will assume that the restriction of J i to ker(π * C α h )∩ ker(dr C ) where π C is the projection to C is uniformly convergent. (4) There is an almost complex structure J split compatible with the completion of S split and an open neighborhood N C of C so that J i | N C\C converges in C ∞ loc to J split | N C\C . The family J i of almost complex structures stretch the neck along C if they satisfy the above properties. We will give such a construction now. Note that we do not have any constraints on J i away from (−ǫ h , ǫ h ) × C although when we prove a compactness result later we will assume that J i converges C ∞ loc to an almost complex structure in one region inside S but there will be no constraints in other regions of S. We need to do this in order to prove certain symplectic manifolds are in fact GW triples.
Suppose we have a compatible almost complex structure J S on S which is compatible with the symplectization (−ǫ h , ǫ h ) × C. Then we can construct a sequence of almost complex structures J i S stretching the neck along C as follows: Let J C be an almost complex structure on ker(α h ) given by J S | T C∩ker(α h ) and let
(1)
By the definition of J S we have a function f S : (−ǫ h , ǫ h ) → (0, ∞) so that if R is the Reeb vector field of (ω h , α h ) which we extend in the natural way to (
where r C is the natural coordinate parameter-
. We also define J i to be any compatible almost complex structure on
. We construct an almost complex structure J S,split on S \ C so that J S,split = J S on S \ (−ǫ h , ǫ h ) × C and in the region
) it is equal to J i . This definition makes sense because J i = J k in this region for all k ≥ i. Under the identification S \ C =Ṡ split we get that J S,split is compatible with the completion of S split . The sequence of almost complex structures J i is a sequence stretching the neck along C using the functions φ i and if we want we can choose
The main goal of this next section is to prove a compactness result coming from neck stretching. First we need a compactness result from [Fis11] which we state here as a Theorem (the compactness result from [Fis11] is much stronger but we do not need the full force of the theorem here). Let Ω be a non-degenerate (not necessarily closed) two form on a manifold B and J an almost complex structure. We say that (Ω, J) is an almost Hermitian structure if J is compatible with Ω. A nodal curve with boundary is given by a closed subset in the Euclidean topology of a complex algebraic curve with nodal singularities with the property that the boundary (i.e. the closure minus the interior) is a 1-dimensional submanifold of the smooth part of this complex curve. A J holomorphic map from a nodal curve Σ with boundary is a continuous map Σ → B which is smooth and J holomorphic away from these singularities.
Suppose we have a sequence of almost Hermitian structures (Ω i , J i ) C ∞ converging to (Ω ∞ , J ∞ ) in a manifold B. Suppose that we have:
(1) a sequence of J i holomorphic curves u i : Σ i → B and a nodal J ∞ holomorphic curve The following theorem is proven by Fish in [Fis11] .
Theorem 7.1. Let B be a compact manifold with boundary, (Ω i , J i ) a sequence of almost Hermitian structures C ∞ converging to a compatible almost Hermitian structure (Ω ∞ , J ∞ ). Let u i : Σ i → B be a sequence of smooth genus 0 J i holomorphic curves whose boundary maps to ∂B with S u * i Ω i bounded above by a fixed constant independent of i and let K be a compact subset of the interior of B. Then after passing to a subsequence there is a genus 0 compact nodal J ∞ holomorphic curve u ∞ : Σ ∞ → B so that u i converges in a Gromov sense to u ∞ near K.
The following result is basically a much weaker version of the main result of [BEH + 03] except that we allow our stable Hamiltonian structure to be degenerate. Basically this compactness result only remembers the top level of the holomorphic building.
Proposition 7.2. Let (S, ω S ) be a connected symplectic manifold and C a stable Hamiltonian hypersurface in S which means that its symplectization (−ǫ h , ǫ h ) × C symplectically embeds in S identifying C with {0} × C. We suppose that S \ C is a disjoint unionṠ + ⊔Ṡ − whereṠ + contains (0, ǫ h ) × C. We define S + to be the union ofṠ + and [0, ǫ h ) × C along (0, ǫ h ) × C which is a stable Hamiltonian cobordism with ∂ − S + = C. Let J ′ i be a sequence of almost complex structures stretching the neck along C using our symplectization (−ǫ h , ǫ h )× C with the additional property that J ′ i |Ṡ + converges in C ∞ loc to an almost complex structure J + compatible with the completion of S + . Let ω i be a sequence of symplectic structures in the same cohomology class equal to ω S inside (−ǫ h , ǫ h ) × C ∪Ṡ + C ∞ converging to ω S and J i a sequence of ω i compatible almost complex structures equal to J ′ i inside (−ǫ h , ǫ h ) × C ∪Ṡ + . Let u i : P 1 → S be a sequence of genus zero J i holomorphic curves so that:
(1) their images stay inside a fixed compact set κ ⊂ S. (2) P 1 u * i ω i is bounded above by a fixed constant E. Then there exists a proper J + holomorphic curve u ∞ : Σ ∞ →Ṡ + so that:
(1) Σ ∞ is a genus 0 nodal J + holomorphic curve without boundary mapping to κ ∩Ṡ + . (2) If N ⊂ S is a neighborhood of the image of u ∞ inside S and ǫ h > η > 0 then for all i, the image of u j is contained inṠ − ∪ ([0, η) × C) ∪ N for some j ≥ i. (3) Its energy satisfies E S + (u ∞ ) < ∞ and Σ∞ u * ∞ ω S ≤ E. Suppose Q is a properly embedded codimension 2 submanifold Q ⊂Ṡ + whose closure in S is disjoint from C. Then each u i for i ≫ 1 has a positive intersection number with Q if and only if u ∞ also has a positive intersection number. If (u i ) * ([P 1 ]) · [Q] = 1 for all i then the intersection number of u ∞ with Q is also 1.
Proof. of Proposition 7.2. We proceed in 3 steps. In the first step we use the compactness result Theorem 7.1 to construct our holomorphic curve u ∞ . In the second step we show that the energy of u ∞ is bounded. In the third step we prove the remaining parts of the Proposition.
Step 1: Define S k + :=Ṡ + \ (0, near S k + . By an inductive argument we can assume {i k ′ ,j |j ∈ N} ⊂ {i k,j |j ∈ N} for all k ≤ k ′ . We then get that the diagonal sequence u i j,j has the property that for each k ∈ N, u i j,j | Step 2: We now need to prove our energy bounds. The bound Σ∞ u * ∞ ω S ≤ E follows from the fact that J i is compatible with ω i and the fact that P 1 u * i ω i ≤ E for all i ∈ N. We now need to show E S + (u ∞ ) < ∞. Let C From now on i ∈ N (i.e. i = ∞). We let r C be the variable parameterizing (−ǫ h , ǫ h ) in (−ǫ h , ǫ h ) × C. Let δ > 0 be small. Let ψ δ : (−ǫ h , ǫ h ) → R be a smooth function whose derivative is non-negative and so that ψ(x) = x for x / ∈ (−δ, δ). Then we define ω i,ψ δ to be equal to ω i outside (−ǫ h , ǫ h )×C and equal to ω h +d(ψ δ (r C )α h ) inside (−ǫ h , ǫ h )×C. This is in the same cohomology class as ω i . For i large enough and for δ > 0 small enough we then have that ω i,ψ δ (V, J i V ) ≥ 0 for all vectors V . The reason why this is true is because the restriction of ω i and J i to the bundle ker(dr C ) ∩ ker(α h ) is uniformly convergent to some symplectic form with compatible almost complex structure on this bundle in the region (− ǫ h 2 , ǫ h 2 ) × C. From now on we fix δ > 0 small enough and pass to a subsequence of u i 's to ensure the semipositivity condition above holds for all i ∈ N. Then Σ i
Step 3: We will now prove the remaining parts of this Proposition. The set κ \ (Ṡ − ∪ ([0, δ) × C)) is a compact subset ofṠ + . Now the u i 's converge in a Gromov sense to some holomorphic curve near this compact subset whose image is contained in the image of u ∞ . So for i large enough, we have that the image of u i is contained inṠ − ∪ ((−ǫ h , δ) × C) ∪ N .
Suppose Q is a properly embedded codimension 2 submanifold Q ⊂Ṡ + whose closure in S disjoint from C. Then each u i for i ≫ 1 has a positive intersection number with Q if and only if u ∞ also has a positive intersection number due to the fact that u i converges in a Gromov sense to a curve whose image is equal to the image of u ∞ near κ ∩ Q. Now suppose (u i ) * ([P 1 ])·[Q] = 1 for all i. Then if (for a contradiction), u ∞ has intersection greater than 1 with Q then u i also has an intersection number greater than 1 because u i converges in a Gromov sense to a J + holomorphic curve whose image is some branched cover of u ∞ near κ ∩ Q. Hence the intersection number of u ∞ with Q is also 1. Now we need a result telling us how a holomorphic curve inside the interior of a cobordism of stable Hamiltonian structures behaves near the boundary. Again this result is weaker than the result in [BEH + 03] except that we allow possibly degenerate stable Hamiltonian structures.
Lemma 7.3. Suppose we have a symplectic cobordism of stable Hamiltonian structures (M, ω M ) with ∂ + M = ∅ and let J be an almost complex structure compatible with the completion of M . Let u : Σ → M be a proper J holomorphic curve with finite energy. Then for any sequence σ i ∈ Σ with u(σ i ) getting arbitrarily close to ∂ − M we have that after passing to a subsequence, u(σ i ) converges to a point on some Reeb orbit R. If Σ is smooth and connected of genus 0 then Σ is biholomorphic to P 1 minus a finite number of points.
Let Q be a properly embedded J holomorphic hypersurface Q of M not intersecting ∂ − M and let θ M be a 1-form on M \ Q satisfying dθ M = ω M | M \Q and i X (θ M | ∂ − M ) = 1 where X is the Reeb vector field on ∂ − M . Let η be the wrapping number of θ M around Q and let [Q] · u be the intersection number between u and Q. Then the length of R is bounded above by −([Q] · u)η − Σ u * ω M .
There are similar results when ∂ + M is non-empty but we decided to omit this so the statement and the proof become less cluttered. Note that if the Reeb orbit R from this Lemma is non-degenerate then by [BEH + 03, Lemma 5.1] there is some holomorphic subset (−∞, 1]×S 1 ⊂ Σ with coordinates (s, t) so that this region extends continuously to [−∞, 1]× S 1 with u(−∞, t) = R(T t) where T is the period of our Reeb orbit.
Proof. of Lemma 7.3. We prove this in 3 steps. In Step 1 we find our Reeb orbit. In Step 2 we construct our bound for the length of our Reeb orbit R. In Step 3 we show that the domain of our curve is P 1 minus a finite number of points.
Step 1: Because ∂ − M is compact we can, after passing to a subsequence, ensure that u(σ i ) converges to some point x ∈ ∂ − M . Because J is compatible with the completion of M we have smooth embeddings Φ r : (0, ǫ h ) × ∂ − M → R × ∂ − M defined by a pair (τ r • φ − , id ∂ − M ). Here φ − : (0, ǫ h ) → (−∞, 0) is a diffeomorphism, τ r is the translation map sending x ∈ R to x + r with the property that there is a cylindrical almost complex structure J − on R × ∂ − M so that (Φ r ) * J converges in C ∞ loc to J − as r tends to ∞ for some J − compatible with the stable Hamiltonian structure on ∂ − M . After passing to a subsequence again we will assume that u(σ i ) = (φ Let r C be the coordinate parameterizing (0, ǫ h ) in (0, ǫ h ) × ∂ − M . For r C small enough we get that r C dα − (V, JV ) ≤ B 1 r C V 2 for any non-zero vector tangent to ker(α h ) where · is the natural metric for some constant B 1 > 0. Using this fact combined with the fact that J is compatible with our stable Hamiltonian cobordism and the fact that Σ u * ω is finite, we have that Σ i u * Φ * 0 T * i ω − h tends to 0. Hence because u i Gromov converges to u ∞ we then get where j is the pullback of the complex structure on Σ ∞ via v ∞ . Now α h • J h = dr M and j(ζ) points outwards along the surface (u ∞ • v ∞ ) −1 ([δ, δ + δ ′ ) × ∂ − M ) where ζ is tangent to B ∞ and respecting its orientation. This implies that Σ u * ω M is non-positive. This gives us our contradiction.
